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ABSTRACT
The t e c h n i q u e  o f  t h e  o n e - c e n t e r  e x p a n s i o n  method i s  e x p l i c i t l y  i l -
++ +l u s t r a t e d  f o r  t h e  m o l e c u l e - i o n s  HeH and HeH u s i n g  o n e -  and  tw o - t e r m  
w a v e f u n c t i o n s  c o n s i s t i n g  o f  S l a t e r - t y p e  o r b i t a l s .  E n e rg y  and e l e c t r o n  
d e n s i t y  c a l c u l a t i o n s  a r e  p r e s e n t e d  a s  a f u n c t i o n  o f  t h e  i n t e r n u c l e a r  
s e p a r a t i o n  and t h e  e x p a n s i o n  p o i n t .  These  a r e  compared  w i t h  t h e  a n a l o g o u s  
c a l c u l a t i o n s  u s i n g  t h e  h e l i u m  a tom  a s  t h e  e x p a n s i o n  p o i n t  and  w i t h  more 
s o p h i s t i c a t e d  r e s u l t s  when p o s s i b l e .  D i p o l e  moment c a l c u l a t i o n s  f o r
- i -  i
HeH a r e  compared w i t h  t h e  e x a c t  r e s u l t s  o f  Gray and  P r i t c h a r d .  These  
c a l c u l a t i o n s  i n d i c a t e  t h a t  d e t e r m i n a t i o n  o f  t h e  optimum e x p a n s i o n  p o i n t  
i s  w o r t h  t h e  e x t r a  work r e q u i r e d  when t h e  w a v e f u n c t i o n  i s  o n l y  a  S l a t e r  
IS o r b i t a l .  When t h e  w a v e f u n c t i o n  i s  o f  two t e rm s  ( a d d i t i o n a l  t e r m  i n ­
v o l v i n g  t h e  S l a t e r  2Vq o r b i t a l )  t h e  optimum e x p a n s i o n  p o i n t  i s  e s s e n t i a l l y  
t h e  h e l i u m  a tom  f o r  t h e  i n t e r n u c l e a r  s e p a r a t i o n  l a r g e r  t h a n  a p p r o x i m a t e l y  
0 , 6  ao  f o r  HeH"*""*" and  0 . 5  ao f ° r  HeH+ .
The s q u a r e  and  t r i a n g u l a r  " l a t t i c e  g a s "  p ro b le m s  w ere  s o l v e d  u s i n g  
a n  a p p r o a c h  d e v e l o p e d  by D r .  L .  K. R u n n e l s  o f  t h e s e  l a b o r a t o r i e s .  The 
i n t e r a c t i o n  i n c l u d e d  i n  t h e s e  c a l c u l a t i o n s  was an  i n f i n i t e  r e p u l s i o n  
b e tw e e n  m o l e c u l e s  r e s i d i n g  a t  n e i g h b o r i n g  s i t e s .  An e x p l a n a t i o n  o f  how 
t h e  m a t r i x  method i s  employed  i s  p r e s e n t e d  w i t h  t h e  g e n e r a l  a p p r o a c h  
d i s c u s s e d  i n  A p p e n d ix  IV a s  a  r e p r i n t  o f  R u n n e l s  and Combs. R e p o r t e d  
d a t a  i n c l u d e  g r a p h s  o f  t h e  e q u a t i o n  o f  s t a t e ,  h e a t  c a p a c i t y  and  c o m p re s ­
s i b i l i t y  f o r  a l l  l a t t i c e  w i d t h s  s t u d i e d .  Both  s y s t e m s  e x h i b i t  p h a s e  
t r a n s i t i o n s  w h ic h  a r e  m os t  l i k e l y  second  o r d e r  a t  d e n s i t i e s  o f  
( s q u a r e )  and  83*7% ( t r i a n g u l a r )  o f  t h e  c l o s e - p a c k e d  d e n s i t y .
x
I .  APPLICATIONS OF THE ONE-CENTER EXPANSION TECHNIQUE
A. INTRODUCTION
U n t i l  r e c e n t l y ,  _a p r i o r i  c a l c u l a t i o n s  o f  t h e  e l e c t r o n i c  
wave f u n c t i o n s  f o r  m o l e c u l e s  have  b e en  r e s t r i c t e d  m a i n l y  t o  d i a t o m i c  
m o l e c u l e s ,  and e v e n  f o r  t h e s e  t h e  a c c u r a c y  h a s  b e e n  much l e s s  t h a n  
t h e  H a r t r e e - F o c k  c a l c u l a t i o n s  f o r  a to m s .  The H a r t r e e - F o c k  a p p r o a c h  
i s  n o t  a n  e x a c t  s o l u t i o n  b u t  by  t a k i n g  e x t r e m e  c a r e  i n  t h e  s e l e c t i o n  
o f  t h e  b a s i s  s e t  t h e  c a l c u l a t i o n  o f  a b s o l u t e  e n e r g y  l e v e l s  f o r  
a to m s  w i t h  no  more t h a n  t w e n t y  e l e c t r o n s  h a s  been  a c h i e v e d  w i t h i n  
e x p e r i m e n t a l  e r r o r . ^  The main  d i f f i c u l t y  i n  a t t e m p t i n g  t o  s o l v e  
t h e  H a r t r e e - F o c k  e q u a t i o n s  f o r  m o l e c u l e s  i s  t h a t  t h e y  a r e  c o u p le d  
and  a n u m e r i c a l  s o l u t i o n  o f  su c h  a s y s t e m  o f  i n t e g r o - d i f f e r e n t i a l  
e q u a t i o n s  a p p e a r s  u n a t t a i n a b l e  a t  t h e  p r e s e n t .
A p r a c t i c a l  s o l u t i o n  t o  t h i s  p ro b le m  may be o b t a i n e d  by 
e x p r e s s i n g  t h e  H a r t r e e - F o c k  o r b i t a l s  a s  l i n e a r  c o m b i n a t i o n s  o f  e l e ­
m e n t a r y  f u n c t i o n s .  The s e l e c t i o n  o f  a b a s i s  s e t  i s  s t i l l  much 
s i m p l e r  f o r  a tom s  s i n c e  t h e n  t h e  s e t  i s  r e f e r r e d  t o  a common o r i g i n ,  
t h e  n u c l e u s  o f  t h e  a tom  i n  q u e s t i o n .  F o r  m o l e c u l e s  i t  i s  p r e f e r a b l e  
t o  u se  a  b a s i s  s e t  w h ic h  c o n s i s t s  o f  m u l t i - c e n t e r e d  f u n c t i o n s  - 
f u n c t i o n s  w h ic h  a r e  c e n t e r e d  on t h e  n u c l e i  c o m p r i s i n g  t h e  m o l e c u l e .  
T h i s  p r e s e n t s  t h e  m ain  s t u m b l i n g  b l o c k  t o  t h i s  a p p r o a c h  t o  & p r i o r i  
q u a n t u m - m e c h a n i c a l  c a l c u l a t i o n s  f o r  p o l y a t o m i c  m o l e c u l e s :  t h e




b e e n  e s t i m a t e d  t h a t  t h e s e  i n t e g r a l s  a c c o u n t  f o r  a b o u t  70 p e r  c e n t
o f  t h e  t o t a l  c o m p u t a t i o n  t i m e .
The d i f f i c u l t y  o f  t h e  t a s k  i s  d e p e n d e n t  on t h e  t y p e
f u n c t i o n s  em p lo y e d .  Among b a s i s  s e t s  o f  s i m p l e  a n a l y t i c a l  fo rm ,
S l a t e r  t y p e  o r b i t a l s  (STO) have been  found t o  g i v e  t h e  most  r e a s o n a b l e
c o n v e r g e n c e  i n  wave f u n c t i o n  c a l c u l a t i o n s .  T h e i r  p r i n c i p a l  d i s a d v a n t a g e
i s  t h a t  when more t h a n  two n o n - a l i g n e d  n u c l e i  a r e  u n d e r  c o n s i d e r a t i o n
t h e r e  a p p e a r s  t o  be no p r a c t i c a l  s o l u t i o n  t o  t h e  m u l t i - c e n t e r e d
i n t e g r a l s .  The u s e  o f  G a u s s i a n  t y p e  o r b i t a l s  (GTO) p r a c t i c a l l y
e l i m i n a t e s  t h e  i n t e g r a l  p r o b le m s  b u t  t h i s  i s  done a t  t h e  c o s t  o f
2
much p o o r e r  c o n v e r g e n c e .  GTO’ s have  e x p ( - a r  ) d e p e n d e n c e  w here  
STO's  have  e x p ( - a r )  d e p e n d e n c e ,  h e n c e  t h e  GTO's d e c a y  more r a p i d l y  
t h a n  do ST O 's .  T h i s  can  be u s e d  e f f i c i e n t l y  t o  b u i l d  up c h a r g e  i n  
a p a r t i c u l a r  r e g i o n  o f  a  m o l e c u l e  w i t h o u t  a f f e c t i n g  more d i s t a n t
3
r e g i o n s .  I t  i s  e s t i m a t e d  t h a t  t o  o b t a i n  a s p e c i f i e d  a c c u r a c y  one 
must u se  t w i c e  a s  many GTO's a s  S T O 's .  A r e c e n t  p u b l i c a t i o n  on
A , ,
s m a l l  m o l e c u l e s  i n d i c a t e s  t h a t  2 t o  3 t i m e s  a s  many GTO s a s  STO s 
a r e  r e q u i r e d .
A n o t h e r  p o s s i b l e  s o l u t i o n  t o  t h e  p r o b le m  i s  t o  r e f e r  t h e  
s e t  o f  b a s i s  f u n c t i o n s  t o  a common o r i g i n ,  t h u s  e l i m i n a t i n g  t h e  
m u l t i c e n t e r  i n t e g r a l s .  A g a in  one s a c r i f i c e s  c o n v e r g e n c e  and  a  l a r g e  
number o f  t e r m s  m us t  be  i n c l u d e d  i n  t h e  e x p a n s i o n .  However,  t h i s  i s  
n o t  a s  s e r i o u s  a p r o b l e m  a s  may be i m p l i e d  s i n c e  a l l  t h e  c a l c u l a t i o n s  
a r e  s u f f i c i e n t l y  s y s t e m a t i c  t o  a l l o w  c o m p l e t e l y  a u t o m a t i c  c o m p u t a t i o n
3
on a  h i g h - s p e e d  d i g i t a l  c o m p u t e r .  An e x c e l l e n t  e x p l a n a t i o n  and compre-
5
h e n s i v e  b i b l i o g r a p h y  i s  c o n t a i n e d  i n  a  p u b l i c a t i o n  by B. D. J o s h i  .
S e v e r a l  a u t h o r s  p r o p o s e d  t h i s  m e thod^  ^  b u t  r e s u l t s  were  
r a t h e r  d i s c o u r a g i n g ^  ^  and  one p a i r  o f  a u t h o r s  c o n c l u d e d ^ ,  " I t  seems
I t
e s t a b l i s h e d  t h a t  t h i s  method i s  o f  no use  i n  m o l e c u l a r  p ro b le m s  g e n e r a l l y  . 
However ,  a  p u b l i c a t i o n  by H. W. J o y  and R. G. P a r r ^  on t h e  h y d r o g e n  
m o l e c u l e  showed t h a t  "The  r e s u l t s  d e f i n i t e l y  a r e  n o t  d i s c o u r a g i n g " .
The r e s u l t s  o f  t h i s  p u b l i c a t i o n  i n d i c a t e  t h a t  i f  n o n i n t e g r a l  p r i n c i p a l  
quantum numbers  a r e  used  and v a r i e d  a l o n g  w i t h  t h e  o r b i t a l  e x p o n e n t s ,  
a l a r g e  number o f  t e r m s  a r e  n o t  n e c e s s a r y  t o  o b t a i n  a h i g h  d e g r e e  o f  
a c c u r a c y .
The bond l e n g t h  and m o l e c u l a r  e n e r g y  o f  m e thane  c a l c u l a t e d  by
t h e  o n e - c e n t e r  e x p a n s i o n  t e c h n i q u e  a r e  compared  w i t h  t h e  r e s u l t s  from
t h e  o t h e r  a f o r e m e n t i o n e d  m e thods  and  t h e  e x p e r i m e n t a l  v a l u e s  i n  T a b l e  I .
I n  T a b l e  I I ,  t h e  r e s u l t s  o f  t h i s  method a r e  compared  w i t h  t h e  e x p e r i m e n t a l
r e s u l t s  f o r  s e v e r a l  m o l e c u l e s  and m o l e c u l a r  i o n s .  I t  i s  e v i d e n t  from
t h e s e  c o m p a r i s o n s  t h a t  t h e  method shows c o n s i d e r a b l e  p r o m i s e ,  a t  l e a s t
f o r  c e r t a i n  t y p e s  o f  m o l e c u l e s .
A l th o u g h  s e v e r a l  p u b l i c a t i o n s  p r e s e n t  r e s u l t s  o f  o n e - c e n t e r
c a l c u l a t i o n s  on t h e  h y d r o g e n  m o l e c u l e  w i t h  t h e  c e n t e r  a t  t h e  m i d p o i n t  
1 1 -1 5o f  t h e  b o n d ,  m o s t  o f  t h e  work  h a s  b e e n  p e r f o r m e d  on m o l e c u l e s  o f
5 1̂ - 15t h e  t y p e  w i t h  t h e  c e n t e r  t a k e n  a t  t h e  h e a v i e r  n u c l e u s  A. * *
The im p e tu s  o f  t h i s  s t u d y  was t o  d e t e r m i n e  i f  s i g n i f i c a n t l y  more a c ­
c u r a t e  e n e r g i e s  c o u l d  be o b t a i n e d  w i t h  a s e t  o f  f u n c t i o n s  c e n t e r e d  o f f  
t h e  h e a v y  n u c l e u s  t h a n  h a v e  been  o b t a i n e d  w i t h  a b a s i s  s e t  o f  t h e  same 
s i z e  c e n t e r e d  on t h e  h e a v y  n u c l e u s .  I n  a d d i t i o n ,  a n  e v a l u a t i o n  o f  t h e  
a b i l i t y  o f  such  a n  e x p a n s i o n  t o  r e p r e s e n t  t h e  b e h a v i o r  o f  t h e  wave
TABLE I
COMPARISON OF VARIOUS CALCULATIONS FOR CH^1^
R eference Method o f  C a l c u l a t i o n Number and type  of  C- 
b a s i s  f u n c t i o n s
•H d i s t a n c e  
( a . u . )
M o lecu la r  en e rg y  
( a . u . )
P r e s e n t  c a l c u l a t i o n S in g l e  d e t o r  SCF OCE0 MO 
ft up t o  3
12 STO (PO)3 2 .080 - 3 9 .8 6 5 9 7 b
c * 1 5 , bS a tu rn o  * V.B. OCE s i n g l e  d e t o r  
ft up t o  1
S l a t e r - l i k e  f u n c t i o n s  
w i t h  n and Q a s  v a r i a t i o n a l  
p a r a m e te r s  ( n o n i n t e g r a l  
n ' s  a p p e a r in g )
2 .052 -3 9 .502632b
1 5 , b S a tu rn o  ’ V.B. OCE 6 d e t o r
ft up t o  5
2.000 - 3 9 . 8444444b
A l b a s i n y lb O n e -c e n te r  num er ica l  SCF 
ft up t o  1
2.000 -3 9 .5 3
04 - 17S i n a i S in g le  d e t o r  SCF LCAO MO 9 STO (S) 2.000 -3 9 .8 6
18K rauss S in g l e  d e t o r  SCF LCAO MO 19 GTO (PO)3 2.0665 -4 0 .1 6 6 8
E x p e r im en ta l 2.067 - 4 0 .5 2 2
(PO) = P a r t i a l  o p t i m i z a t i o n  o f  t h e  £ fs .
The v a l u e s  a r e  th o s e  r e v i s e d  by B ishop.  
OCE = One C en te r  Expansion
TABLE II
RESULTS OF ONE-CENTER EXPANSION CALCULATIONS FOR VARIOUS MOLECULES1^
CH4 NIL4 NH2
h2o hf SiH.4 PHI PH 3 h2s HCi
R (X-H)
Calc. 2.08 1.990 1.928 1.814 1.728 2.787 2.750 2.672 2.509 2.404
Exptl . 2.067 1,96 1.912 1.810 1.7328 2.76 2.68 2.678 2.525 2.409
Calc. Tetr. Tetr. 108°54' 106°32' ------ Tetr. Tetr. 89°48’ 89°24' _  _  •  _
H-X-H




















£ Calc. ------------ ------------ 0.5949 0.8205 0.825 ------------ ------------ 0.4610 0.6789 0.8524
f ita.u. )
Exptl . ------------ ------------ 0.583 0.728 0.716 ------------ ------------ 0.217 0.362 0.413
Calc. 0.5042 0.9412 0.4147 0.4954 0.6429 0.4391 0.7551 0.3671 0.3506 0.4850
1st  I .P .
Exptl . 0.4774 ? 0.386 0.463 0.5795 0.448 1 0.371 0.384 0.462
t Calc. -39.86597 -56.  21769 -55.97482 -75.92244-100.0053 -290.1024 -341.5493 -341.3960 -397.5891 -458.8378
Total Exptl . -40.522 -56 .86 -56.578 -76 .46  -100.48 -292.141 ? -343 .42 -400.81 -462.81
?oEE x p t l .b 98.38 98.87 98.93
99.30 99.53 99.30 99.38 99.19 99.14
a, s  e l e c t r i c  dipole  moment in atomic un i t s .
Percentage of  to ta l  experimental energy given by calculated  energy.
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f u n c t i o n  n e a r  t h e  h e a v y  n u c l e i  was a  p r i m a r y  o b j e c t i v e .
S i n c e  t h e  i n t e r e s t  i n  t h i s  Btudy i s  d i r e c t e d  tow ard  t h e  c a l ­
c u l a t i o n  r a t h e r  t h a n  a  p a r t i c u l a r  s y s t e m ,  t h e  c r i t e r i a  f o r  s e l e c t i n g  
t h e  s y s te m s  w e re  t h e  s i m p l i c i t y  o f  t h e  m o l e c u l a r  s p e c i e s  and  t h e  i n -  
f o r m a t i o n  a v a i l a b l e  f o r  a  c o m p a r a t i v e  a n a l y s i s .  T h u s ,  HeH and HeH 
w ere  c h o s e n  f o r  s t u d y  b e c a u s e  t h e y  a r e  t h e  s i m p l e s t  m o l e c u l a r  s p e c i e s  
w h ich  s a t i s f y  o u r  r e q u i r e m e n t s  and s e v e r a l  c a l c u l a t i o n s  h a v e  been  p u b ­
l i s h e d  f o r  t h e s e  i o n s ^  U n f o r t u n a t e l y ,  no e x p e r i m e n t a l  d a t a  h a s
b e e n  p u b l i s h e d  f o r  t h e s e  i o n s .
7
B. METHOD OF CALCULATION
1. Wave F u n c t i o n s
F o r  b o t h  m o l e c u l a r  I o n s  u n d e r  c o n s i d e r a t i o n  I t  i s  p o s s i b l e  
t o  c o n s i d e r  s i m u l t a n e o u s l y  t h e  h e l i u m - c e n t e r  e x p a n s i o n  fo rm  and t h e  
o f f - c e n t e r  e x p a n s i o n  fo r m .  We l e t  R^ be  t h e  d i s t a n c e  f rom  t h e  o r i g i n  
t o  t h e  h e l i u m  a tom  and K£ t h e  d i s t a n c e  f ro m  t h e  o r i g i n  t o  t h e  h y d r o g e n  
a to m ,  a s  i n d i c a t e d  i n  F i g . l .  F o r  t h e  h e l i u m - c e n t e r  e x p a n s i o n ,  t h e n ,  
w i l l  be  z e r o .
a .  HeH
24
The w ork  o f  B a t e s  and C a r so n  c a n  be u sed  a s  a g u i d e  i n
d e t e r m i n i n g  t h e  optimum b a s i s  s e t .  The m a j o r  c o n t r i b u t i o n  t o  t h e
e n e r g y  a r i s e s  f rom  t h e  I s  and  2p q t e r m s  so t h e  e l e c t r o n i c  w a v e f u n c t i o n
was c h o s e n  t o  be
Y = C1*1 + C2i 2 ,  1
w h e r e  and a r e  S l a t e r  I s  and  2pQ o r b i t a l s ,  r e s p e c t i v e l y ,
c e n t e r e d  a t  t h e  e x p a n s i o n  p o i n t :
✓ 3 /  - o r
=  ( a  / tt)  e ,
$2  = ( 3 5 / tt) *  r  c o s  0 e ^ r . . . . . 2
The c o e f f i c i e n t s  C^ and t h e  e x p o n e n t s  a  and 0 w i l l  be  t r e a t e d  a s
v a r i a t i o n a l  p a r a m e t e r s  i n  t h e  u s u a l  m a n n e r .
b .  HeH+
28F o r  t h i s  c a s e  t h e  e x t e n s i v e  work  o f  S t u a r t  and M atsen
FIGURE I  
D e f i n i n g  R e l a t i o n s  f o r
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AB
was used  a s  a g u i d e  i n  c h o o s in g  t h e  b a s i s  s e t .  Based on t h e i r  
r e s u l t s  t h e  e l e c t r o n i c  wave f u n c t i o n  was c h o se n  t o  be
¥ = C1t 1 ( l ) i 1 (2 )  + (C2/ / 2 )  + t 1( 2 ) 4 2( l > ]  . . . . 3
w here  t h e  number i n  p a r e n t h e s e s  i n d i c a t e s  e l e c t r o n  n w i t h  c o o r d i n a t e s
r  , 0 * cd • n* n* ^n
The o r b i t a l s  4^ and $2 a r e  t h e  STO's I n d i c a t e d  a b o v e .  The 
s p i n  c o o r d i n a t e s  a r e  o m i t t e d  s i n c e  t h e  H a m i l t o n i a n  w i l l  be s p i n  f r e e ;  
c l e a r l y  ¥ i s  p r o p e r l y  sym m etr ized  t o  d e s c r i b e  a  s i n g l e t  s t a t e .
2.  E x p a n s io n  o f  t h e  E l e c t r o n i c  P o t e n t i a l  Terms
'f1
a .  HeH
L e t  A and B d e n o t e  t h e  h e l iu m  and h y d rogen  a tom r e s p e c t i v e l y .  
I n  t h e  Born-O ppenheim er  a p p r o x i m a t i o n  th e  H a m i l t o n i a n  can  be w r i t t e n  
a s
JC , -v2 . 4r;* - 2r^ + 4R^ ....4
( L e n g th s  a r e  i n  Bohr r a d i i  ( 0 . 5 2 9  A) ahd - e n e r g i e s  care i n  Rydb’<>rgs 
( 1 3 . 6 0 5  e v ) ) .
T h i s  i s  n o t  a c o n v e n i e n t  form f o r  a o n e - c e n t e r  e x p a n s i o n
due t o  t h e  t e rm s  r .   ̂ and r  We must  t h e n  expand t h e s e  t e rm s  i n  o r d e rA £
t h a t  a l l  d i s t a n c e s  w i l l  be r e f e r r e d  t o  t h e  same o r i g i n .
(1 )  A r b i t r a r y  C e n t e r
The g e n e r a t i n g  f u n c t i o n  f o r  Legendre  p o l y n o m i a l s  i s
L ( x , h )  = ( l - 2 x h + h ^ )  | h | < l .  . . . . 5
31I t  can be shown t h a t
10
w here  t h e  f u n c t i o n s  P jjCx ) a r e  c^e L egendre  p o l y n o m i a l s .
The z - a x l s  I s  c h o s e n  a s  t h e  I n t e r n u c l e a r  a x i s  and t h e
o r i g i n  I s  t a k e n  a s  a n  a r b i t r a r y  p o i n t  on t h e  z - a x i s  (S ee  F i g . 2 ) .
- I  2 2 *4The c o s i n e  law fo rm  o f  t h e  e l e c t r o n i c  p o t e n t i a l  4 r ^  = 4 [R ^+ r  - 2 R ^ r  cos  0] ,
must now be expan d ed  i n  a s e r i e s  o f  L eg en d re  p o l y n o m i a l s .  H e r e ,  two
p o s s i b i l i t i e s  must be c o n s i d e r e d :
1 . )  r<RL
4 r A^ = 4R^1' [ l + ( r R ^ ^ ) ^ -  2 r R ^  cos  9] ^
= 4 Z  Fn ( c o s  0) i n R“ ^n + l )  . . . . 7
n^o
2 . )  r>RL
4 r AX = 4 r " 1 [ l + ( R 1r ' 1) 2 -  cos  0 ] " ^
= 4 1  Pn ( c o s  0) r " ^ n+1) . . . . 8
n so
The 2r ,   ̂ t e r m  m us t  be c o n s i d e r e d .  T h i s  may be w r i t t e n  a s  b
2 r ~ X = 2 [R 2 + r 2 -  2R2r  co s  ( n  - 0)
= 2 [R 2 + r 2 + 2R2r  c o s  0 ]~^  . . . . 9
I n  e x p a n d i n g  t h i s ,  two p o s s i b i l i t i e s  must a g a i n  be c o n s i d e r e d :
1 . )  r<R,2
2 . )  r>R2
2 r l 1 = 2 E P ( c o s  0 ) ( - r ) n R l Cn+1)  10
B n*o n 2
2 r " 1 = 2 E P ( c o s  0 ) ( - R _ ) n r 'C n + 1 )  11
B n*o n 2
I n  c o m b in in g  4 r   ̂ and  2 r “ * t h e r e  w i l l  be  t h r e e  r e g i o n s  t o  c o n s i d e r ,  a b
FIGURE 2
C o o r d i n a t e s  f o r  HeH++ ( A r b i t r a r y  C e n t e r )

12
The g e n e r a l  t e r n  and t h e  f i r s t  t h r e e  t e rm s  i n  e a c h  r e g i o n  a r e  t h e n  
a s  f o l l o w s :
2 . )  Rx<r<R2
3 . )  r>R2
Vn -  [ l . r " R ^ n+1)+e ( - r ) nK - ( n + l ) ] P n ( c o .  e )
Vo = 4 R ^  + 2 R ' 1
Vj = [ 4 r R ^ 2 -  2rR22 ] c o s  0
V2 = [ 4 r 2R^3 + 2 r 2 R*3 ]  ^ ( 3  c o s 2 0 - 1)  12
Vn "  r _ ( t t f l ) + 2 ( - r ) nRg(n ‘l' l ) 3Pn (c o s  0)
V = 4 r ' *  + 2R"1 o 2
V1 = [4Rl r " 2 - 2rR22 ] c o s  0
V2 = [ 4 R ^ r " 3 + 2 r 2R ' 3 ] - | ( 3  c o s 20 -  1) . . . . 1 3
Vn -  [ 4 R j r ‘ ( n + l ) +2(-R2 )nr ' ( n + l ) 3Pn (cos  0)
V = 4 r _1 o
VL = [4Rxr * 2 - 2R2r _ 2 ] c o s  0
V2 = [4R2r " 3 + 2R2r ' 3 ]  - | ( 3 c o s 2 0 - 1 )  . . . . 1 4
The H a m i l t o n i a n  c an  t h e n  be w r i t t e n  a s
3C = -V 2 -  E V + 4R " i . . . . 1 5_ n AB n i o
(2 )  H e l i u m - C e n t e r  E x p a n s io n
R e f e r r i n g  t o  F i g . 3 we s e e  t h a t  t h e  h e l i u m - c e n t e r  e x p a n s i o n
FIGURE 5
C o o r d i n a t e s  f o r  HeH*-*" ( h e l i u m  c e n t e r )
I
14
i s  c o n s i d e r a b l y  s i m p l e r .  I n  co m b in in g  t h e  e x p a n s i o n s  o f  t h e  two 
t e r m s  t h e r e  a r e  o n l y  two r e g i o n s  t o  c o n s i d e r ,  r e s u l t i n g  i n  t h e  
f o l l o w i n g ;
1 . )  r<R
2 . )  r>R
V = 4 r " L+ 2 r " L= 4 r ’ L + 2 ( - r ) n R’ ( n + l > p  ( Co s  0) n A B n
V = 4 r “ l  + 2R~1 o
Vo +Vl  +V2 = 4 r “ 1+2R~1“ 2 r R " 2 c o s  0 + r 2R*3 (3  c o s 2 0 -  1)
• • • • l b
„  . - 1  _ -1  , - 1 ,  &Nn - ( n + 1 )  P ( c o s  0)V = 4 r .  + 2 r_  = 4 r  + 2 ( - R )  r  '  n n A B
V = 6 r ~ 1 o
Vo +Vl  +V2 = 6 r _1 -  2Rr~2 c o s  0 + R2r “ 3 ( 3  c o s 2 0 -  1)
. . . . 1 7
b .  HeH
I n  t h e  B o rn -O p p e n h e im er  a p p r o x i m a t i o n  t h e  H a m i l t o n i a n  f o r  
t h e  s t a t i o n a r y  m o l e c u l e  may be  w r i t t e n  a s :
X  = -Vx -  V2 -  ( 4 r A1 + 2 r B1) " ( 4 r A2 + 2 r B2) + 2 r 12 + 4RAB
. . . . 18
The s u b s c r i p t s  1 and 2 r e f e r  t o  e l e c t r o n  1 and 2 a s  i n d i c a t e d  i n  
F i g .  4 .
F o r t u n a t e l y  no  e x p l i c i t  e x p a n s i o n s  need  be o b t a i n e d  h e r e  
a s  w i l l  be  e x p l a i n e d  i n  S e c t i o n  I I . C . 2.
FIGURE 4







3 .  E ne rgy  C a l c u l a t i o n s
a .  HeH++
(1)  A r b i t r a r y  C e n t e r
We f i r s t  c a l c u l a t e  t h e  e n e r g y  when t h e  wave f u n c t i o n  c o n s i s t s  
o n l y  o f  t h e  S l a t e r  I s  t e r m :
El s  -  U i M i p
■2 • i  r  , " ' 1
nao
30I t  can  be shown i n  g e n e r a l  t h a t  i f  JL i s  t h e  h i g h e s t  I  v a l u e  i nmax
t h e  wave f u n c t i o n  t h e n  t h e  t e r m s  V w i l l  c o n t r i b u t e  n o n - z e r o  v a l u e sn
o n l y  f o r  n^2& i n  any  m a t r i x  e l e m e n t  o f  K. T h i s  i s  due  t o  t h e  t u x
o r t h o g o n a l i t y  o f  t h e  Legendre  p o l y n o m i a l s .  We can s ee  t h i s  i n  a
l i m i t e d  b u t  v e r y  u s e f u l  manner  by e x am in in g  t h e  above  i n t e g r a l .
2
We can  w r i t e  a s
t 2 = ( a 3/TT) e ' 2cyr Po ( c o s  0) -------20
From t h e  6 p a r t  o f  t h e  i n t e g r a t i o n  we see  t h a t  due t o  t h e  o r t h o g o n a l i t y
o f  t h e  L egendre  p o l y n o m i a l s  o n l y  t h e  Vq t e r m  w i l l  c o n t r i b u t e .  We t h e n  
must  e v a l u a t e :
h s  -  < * l l - * 2 -  Vo + 4RI b I » 1 >  — 2 l
From A ppend ix  I  t h e  r e s u l t  i s
El s  = a 2 + 4 e " 2" Rl[cH-R^1 3 + 2 e ' 2aR2[a+R21 ]  -  4R^1-  2R2*+ 4 R ^
.... 22
The b e s t  v a l u e  o f  a  and t h e  c o r r e s p o n d i n g  e n e r g y  i s  t o  be o b t a i n e d  
u s i n g  t h e  v a r i a t i o n  p r i n c i p l e .  F u r t h e r  e x p l a n a t i o n  i s  c o n t a i n e d  
i n  S e c t i o n  I I . D .
17
The n e x t  c o m p u t a t i o n  i n v o l v e s  t h e  wave f u n c t i o n
¥ -  C14 1 + C2 *2 . . . . 2 3
The v a r i a t i o n a l  method i s  a g a i n  u s e d  t o  d e t e r m i n e  t h e  b e s t  wave f u n c t i o n
o f  t h i s  assumed fo r m .  The c o e f f i c i e n t s  and and  t h e  o r b i t a l  e x ­
p o n e n t s  a r e  t h e  p a r a m e t e r s  u sed  t o  m in im i z e  t h e  e n e r g y .  The a r e  




£ Ci (Hl j - SiJE) * ° ’
Hi j  "
S ■ <4 | 4  >  ■ ^ ’ s i j  ■ ^ i ^ r  \ i ,  i - j
s i n c e  4^  and 4^ a r e  o r t h o n o r n v a l . T h i s  g i v e s  two e q u a t i o n s :
c 1(h11-e) + c2h21 = 0 
C1H12 + C2 (H2 2 ' E)  “  °
 2h
 25
2 2I n c l u s i o n  o f  t h e  n o r m a l i z a t i o n  c o n d i t i o n ,  + Cg ■ 1 ,  a l l o w s  e x p l i c i t  
d e t e r m i n a t i o n  o f  t h e  c o e f f i c i e n t s  a f t e r  c a l c u l a t i n g  t h e  e n e r g y ,  E .  T h i s  
e n e r g y  i s  t h e  l o w e s t  r o o t  o f  t h e  s e c u l a r  e q u a t i o n  | ( H ^ j - E S ^ ) |  ■ 0 ,
w h ich  becomes
Hi r E H12
H21 H2 2 “ E
0 . .26
S i n c e  t h e  H a m i l t o n i a n  i s  H e r m i t i a n ,  H^2 ■ H2 1 ‘ T^ e ^u n c t i o n a l  d e p e n ­
d e n c e  o f  H , , on a  was d e t e r m i n e d  a b o v e  a s  E. s o  we now m us t  e v a l u a t e  11 I s
< 4 jJ h | 42> .  We c o n s i d e r  f i r s t  t h e  i n t e g r a l
<42 | h | 42>  = <42 l - v 2 - z v n+ 4 R ; Rl 4 p> . .27
S i n c e  42 ■ ( P ^ / n J r ^ c o s ^ S e  2 ^ n , t h e  0 i n t e g r a l  o f  t h e  p o t e n t i a l  t e r m  w i l l
be f^cos^QZV s i n 6 d 0 .  But c o s 2 0 ■ 2 / 3 F ~ ( c o a B )  +  1 /3 P  ( c o s 0 ) .  T h e r e f o r e ,  J o  n n 2 '  o '
18
due to the orthogonality of the Legendre polynomials, the only non-zero
contributors from V will be V and V_.n o 2
From A ppend ix  I  we h a v e  t h e  f o l l o w i n g  r e s u l t s :
H22 “  A j e " 2 e R l (6R1 ) " 1+A^e‘ 2eR2( l2 R 2 ) _1- ^ A | p e ' 2PR2
+ A^e _20R l( 6002R^) “ l +Age _2pR2 ( 1 2 o r |0 2 )" 1 -^A*0e"2pRl
-  f ^ (  2 R ^ ' 2 e R l +R ^ - 2 e R ? ) - ± f (  2 R2 e - 2 *R U R Sy 2 * R2 )
- | ^ (  2R^ 5+R2 5 ) -2  (2R~ X+R2 1 )+02+ 4 (  Rl+R2 )'"1 ....................... 28
The symbol  Aj i s  u sed  t o  d e s i g n a t e  a  p o l y n o m i a l  o f  o r d e r  j  i n  0R^ ( s e e  
A p p e n d ix  1 f o r  d e t a i l s ) .
We now examine the H^2 integral:
H12 * 11HI^2> -  • • • • 29
S in ce  “ (o t^ 2 p ^ 2 /ir)r  cosQe t the 8 l n t e g r e l  o f  the  p o t e n t ia l
t e r m  w i l l  be
pTTT cos© E V s i n 0 d 0  
J O n2o n
But c o s 0  » F ^ ( c o s 0 )  so due t o  t h e  o r t h o g o n a l i t y  o f  t h e  L e g e n d re  p o l y n o ­
m i a l s  t h e  o n l y  n o n - z e r o  c o n t r i b u t o r  f rom  t h e  V t e rm s  w i l l  be  V. . Wen i
t h e n  m us t  e v a l u a t e
< « 1 l - ^ 2 - v 1+ 1f R ^ I « 2> .  • • • • 5 0
From A ppend ix  I  t h e  r e s u l t  i s
19
H12 -  805 /2a 5 /*(B-wr)'2 £R2e"^^M^ R£4-2R1e"(®+a^ Rl ]
+ 3S05 / V / 2 ( B « r } [ 2 e - ^ “ )Rl - e - < ' W ) R 2-]
+ M 5/2ar3 /2 (B « r)-,>[ a - 1l . - (^ )Ri - ^ 1. - (&w>R2]
+ 61»05 / V / 2 O +« ) - 5e2e - (frK,,)Rl R i 2 - e - (&t<,,)R2 R -2 ]
+ 61*05 /2 o3 2̂ (0«1!)‘ 5 [ r‘2 -2R^2 ] .   J1
( 2 )  He l ium  C e n t e r
The method h e r e  i s  c o m p l e t e l y  a n a l o g o u s  t o  t h a t  a b o v e .  The 
o n l y  d i f f e r e n c e  i s  t h a t  d i f f e r e n t  e x p a n s i o n s  f o r  t h e  e l e c t r o n i c  p o t e n t i a l  
t e rm s  a r e  u s e d .  The r e s u l t s  a r e  a s  f o l l o w :
* £*2+2<*e"2QfR+ 2 e " 20RR " 1 - 1*0H-2R~1 , . . . . 3 2
H22 "  A g e ' ^ U S O J l V r ^ A ^ e ' ^ t t e R r ^ A g e " 2 ^
- ■ ^ p 5R2 e " 2eR^ R + l ] - 6 { R 5p2 ) " 1- 2 p + 2 R '1+&2 ,  33
H12 -  8 A ^ / 2 a 3 / 2 e - ( P ^ ) R [ 5R2 (p^ ) 5 r l
-  6i+p5/,2a 5^2 [R2 0 + a ) 5 ] -1
- 8RP5 / 2 a 5 / 2 e ' ^ + a ^R[(& M f)R + l ] [3 (& + « )2 ] ' 1 ..................... 3*+
b . HeH+
No d i s t i n c t i o n  need be made h e r e  b e tw ee n  a n  a r b i t r a r y  c e n t e r  
o f  e x p a n s i o n  and a  h e l i u m - c e n t e r  e x p a n s i o n .  The r e s u l t s  a r e  i n  t e rm s  o f  
one e l e c t r o n  i n t e g r a l s  and r ^ 2 i n t e g r a l s ,  so a n s w e r s  may be o b t a i n e d  
f rom th e  above  r e s u l t s  e x c e p t  f o r  t h e  r ^ 2  i n t e g r a l s .
20
The e l e c t r o n i c  wave f u n c t i o n  i s  now o f  t h e  form
Y -  C1* l ( l ) « 1( 2 )  + (C2 / / 2 ) [ « 1( l ) * 2 ( 2 )  +  * 1 ( 2 ) « 2 ( 1 ) 3 .
. . . . 3 5
We a g a i n  o b t a i n  t h e  b e s t  e s t i m a t e  o f  t h e  e n e r g y  a s  t h e  l o w e s t  r o o t  o f  




H2 2 - E
0 .
The e l e m e n t s  o f  t h e  d e t e r m i n a n t  a r e  t h e  f o l l o w i n g :  
H11 “ < * 1 ( l ) * 1 ( 2 ) | H | t x( l ) « i ( 2 ) > , . . . . 3 7
Hi 2  "  H2 i  “  7 5 <* 1 C1 ) * 1 ( 2 ) I h I * 1( i )*2 ( 25 +  * l ( 2 ) * 2 ( i ) > ,
 39
H22 “  2< 4 l C l ) * 2 ( 2 )  + « 1( 2 ) « 2 ( 1 ) | h | * 1( 1 ) * 2 ( 2 )  +  • 1( 2 ) * 2 ( l ) > .
 39
The H a m i l t o n i a n  i s  now
H “ ~7 i " V2 _ ^ r Al+ 2 r B l ^ ~ ^ r A2+ 2 r B2^+ 2 r l 2 +i,'RAB* ------
I f  we l e t
and
t h e n  we have
P -1 -1
H * - V - ( k r  + 2 r  )1 1 V A1 B l ;
H2 = "7 2 " ^ r A2+ 2 r B2^ ’




The d e t a i l s  o f  t h e  d e r i v a t i o n s  a r e  g i v e n  i n  A ppend ix  I I .  We 
f i n d  t h e  r e s u l t s :
Hu  = 2< » 1 ( l ) | H l l * 1( l ) > +  2 F ° o>o) +  1 * ^ ,  . . . M
H22 -  <*2 ( 2 ) ! h2 | * 2 ( 2 ) > + 2F^o l )  +  ^
+  2 /3 G 1( o , i ) ,   45
21
h 12 - 1/ 5 c « 1 ( i ) | h 1 | * 2 ( i ) > .  . . . . 1+6
F and G a r e  t h e  i n t e g r a l s  i n v o l v e d  i n  t h e  Coulomb and exchange  
t e r m s  r e s p e c t i v e l y  and  t h e  c o e f f i c i e n t s  o f  t h e s e  ( e x c e p t  f o r  f a c t o r s  o f  
2 )  a r e  t h e  S l a t e r - C o n d o n  p a r a m e t e r s .  The Coulomb I n t e g r a l  i s  d e f i n e d  a s :
< * i ( l ) # j ( 2 )  I r J i l ^ C l ) *  j ( 2 ) >  -  k£ oCk ( l i ,mi ; l i ,mi )Ck ( l j  .“ j U j  )Fk ( 1± ,1 ̂  )
w here  ,k£
Fk( 1i > 1 ) -  J J - ~ - R * ( r 1)R1( r 1 )R*(r2 )R (r 2 )r^dr i r2dr2 . . . ..1+7
r>
The ex ch a n g e  i n t e g r a l  i s  s i m i l a r l y  d e f i n e d  a s :
< * 1d ) * J ( 2 ) l r ^ ; | » j u > ‘ i ( £ ) >  * k£ )Cck ( i . , ' v V < ' . J ) ] 2G ( V V -
w h e re  ,k
Gk U i . l j )  * J J - ^ K * I ( ' 1 )Rj ( f 1 )Rj ( r 2 >Rl ( r g ) r i <il' l r 2d r 2- 
r >
The r a d i a l  p a r t  o f  t h e  w a v e f u n c t i o n  u n d e r  c o n s i d e r a t i o n  i s  d e s i g n a t e d  
a b o v e  by R.
1+. D e s c r i p t i o n  o f  t h e  Compute r  Program
The p r o g r a m  w r i t t e n  t o  s o l v e  f o r  t h e  minimum e n e r g y  when t h e  
wave f u n c t i o n  c o n s i s t s  o n l y  o f  a  S l a t e r  I s  o r b i t a l  i s  q u i t e  s i m p l e  and
j
e x t r e m e l y  f a s t .  C o n s i d e r  f o r  exam ple  t h e  e n e r g y  e q u a t i o n  f o r  HeH w i t h  
an  a r b i t r a r y  c e n t e r  o f  e x p a n s i o n :
E -  a 2+ l | e " 2Q* ' l CcH-R^1] + 2 e " 2a?R2[flH-R2 1]-l+R^1- 2 R ' 1+l+R^g . . . . 1 + 9
A c c o r d i n g  t o  t h e  v a r i a t i o n  p r i n c i p l e  we c a n  a d j u s t  t h e  p a r a m e t e r  a  f o r  
a  f i x e d  and R ^  to  m in im i z e  t h e  e n e r g y  and  t h e  r e s u l t i n g  wave
f u n c t i o n  i s  t h e  b e s t  a v a i l a b l e  i n  t h e  c h o s e n  fo r m .  We can  o b t a i n  t h i s  
r e s u l t  by s e t t i n g  t h e  d e r i v a t i v e  o f  E w i t h  r e s p e c t  t o  Of e q u a l  t o  z e r o  
and s o l v i n g  f o r  t h e  opt imum o r :
22
« 2 t t - U e '2 a R l [ l + 2 C « 1] - 2 e _20®2 [ l+ 2 a R 2 ]  -  0 .   50
T h i s  e q u a t i o n  was programmed w i t h  a  v a r y i n g  u n t i l  Of-optimum was o b t a i n e d  
w i t h i n  a  t o l e r a n c e  o f  ±  0 . 0 0 0 1 .  T h i s  (V was t h e n  used  t o  o b t a i n  t h e  
minimum e n e r g y .  S i m i l a r  e q u a t i o n s  were  programmed f o r  t h e  o t h e r  one-  
t e r m  wave f u n c t i o n s  u n d e r  c o n s i d e r a t i o n .  T h i s  p rog ram  i s  w r i t t e n  so  
t h a t  t h e  Of- t o l e r a n c e , R^ , , and R^fi a r e  i n p u t  v a r i a b l e s ,  t h e r e b y  a l ­
lo w in g  maximum f l e x i b i l i t y  t o  t h e  p ro g r a m .
W r i t i n g  a  p r o g r a m  t o  o b t a i n  t h e  minimum e n e r g y  and  optimum wave 
f u n c t i o n  by v a r i a t i o n  o f  two p a r a m e t e r s  p ro v e d  more d i f f i c u l t .  The f i n a l  
v e r s i o n  o f  t h e  p r o g r a m  em ploys  t h e  method o f  b r u t e  f o r c e .  I n i t i a l l y  0 
i s  f i x e d  a t  some v a l u e  and  a  v a r i e d  u n t i l  a  minimum e n e r g y  i s  o b t a i n e d  
w i t h i n  a n  a - t o l e r a n c e  o f  0 . 0 0 0 1 .  T h i s  e n e r g y  i s  s t o r e d ,  0 i s  i n c r e m e n t e d  
and 0/ a g a i n  v a r i e d  u n t i l  a n o t h e r  l o c a l  minimum i s  o b t a i n e d .  T hese  
minimum e n e r g i e s  a r e  t h e n  compared t o  d e c i d e  i n  w h ich  d i r e c t i o n  0 i s  to  
be  v a r i e d  n e x t .  T h i s  p r o c e s s  i s  c o n t i n u e d  u n t i l  optimum Ot and  0 a r e  
d e t e r m i n e d  w i t h i n  a maximum e r r o r  o f  ± 0 . 0 0 0 1 .  The o c c u r r e n c e  o f  
t h e s e  l o c a l  b u t  n o t  a b s o l u t e  minima i s  n o t  a n  uncommon p r o b le m  and one 
m us t  be  c a r e f u l  t o  a l l o w  a w id e  enough v a r i a t i o n  i n  t h e  p a r a m e t e r s  t o  
o b t a i n  t h e  t r u e  minimum. T h i s  a c c o u n t s  f o r  a  l a r g e  p o r t i o n  o f  t h e  t im e  
i n v o l v e d  i n  eac h  c a l c u l a t i o n .
Obviously the rate of convergence is dependent on the initial 
choice of at and 0 .  To aid in this initial choice the program has an 
optional part which can be used to obtain a print-out of a grid of 
energies as a function of Qt and 0 incrementally varied.
Examination of the energy formulae reveal another problem in­
volved in these calculations. Several terms involve division by R^ to
some power.  As becomes e x t r e m e l y  s m a l l  t h e  d i v i s o r  a p p r o a c h e s  z e r o  
and a t  a  c e r t a i n  p o i n t  t h e  com pute r  i s  r e q u i r e d  t o  s e t  t h i s  whole  te rm 
e q u a l  t o  z e r o ,  r e s u l t i n g  in  i n c o r r e c t  a n s w e r s .  A s e r i e s  e x p a n s io n  o f  
t h e s e  te rm s  i s  one o b v io u s  s o l u t i o n  to  t h e  p ro b le m .  However,  we d i s ­
c o v e r e d  t h a t  t o  o b t a i n  a d e q u a t e  a c c u r a c y ,  t o o  many te rm s  would have  to  
be u sed  in  e ach  e x p a n s i o n .  The u se  o f  d o u b le  p r e c i s i o n  p roved  t o  be a 
p r a c t i c a l  s o l u t i o n  t o  t h e  p rob lem  a t  t h e  e x p en se  o f  a d d i t i o n a l  t ime  r e ­
q u i r e d  f o r  each  c a l c u l a t i o n .
The F and G i n t e g r a l s  were  i n i t i a l l y  c a l c u l a t e d  by a  p rogram 
w r i t t e n  by J .  A. S l e z a k  and  o b t a i n e d  from t h e  Quantum C h e m is t r y  Program 
Exchange (QCPE 99 )  a n <i used  a s  a  s u b r o u t i n e  i n  ou r  p rog ram .  A s l i g h t  
d e c r e a s e  i n  t h e  t im e  r e q u i r e d  f o r  each  c a l c u l a t i o n  was o b t a i n e d  l a t e r  
by u s i n g  a  s u b r o u t i n e  w r i t t e n  by D r . N. R. K e s t n e r  o f  t h e s e  l a b o r a t o r i e s .
C. RESULTS AND DISCUSSION
T h r o u g h o u t  t h i s  d i s c u s s i o n  t h e  u n i t  o f  l e n g t h  i s  t a k e n  t o  he 
t h e  r a d i u s  o f  t h e  l o w e s t  Bohr o r b i t ,  a Q, and e n e r g y  i s  e x p r e s s e d  i n  R y d b e r g s .
1 .  HeH++
a .  E l e c t r o n  D e n s i t y
F i g u r e s  5 ”9 show t h e  e l e c t r o n  d e n s i t y  a l o n g  t h e  i n t e r n u c l e a r  
a x i s  f o r  t h e  h e  H u m - c e n t e r e d  e x p a n s i o n  w i t h  t h e  wave f u n c t i o n
¥ m + Cg&g . . . . 5 1
T hese  g r a p h s  i l l u s t r a t e  t h e  b e h a v i o r  o f  t h e  e l e c t r o n  d e n s i t y  a s  t h e  
i n t e r n u c l e a r  s e p a r a t i o n  i s  i n c r e a s e d .  We s e e  t h a t  t h e  p r o b a b i l i t y  d e n ­
s i t y  i s  n e a r l y  s y m m e t r i c a l  a b o u t  t h e  h e l i u m  a tom  f o r  R^fi = 0 . 1  and  t h a t
a s  R i n c r e a s e s  t h e  d e n s i t y  s h i f t s  w i t h  t h e  movement o f  t h e  h y d r o g e n  AB
a to m .  As t h e  i n t e r n u c l e a r  s e p a r a t i o n  i n c r e a s e s  f u r t h e r  t h i s  s h i f t  b e ­
comes l e s s  p r o n o u n c e d ,  and  a t  R^fi “ 1 . 0  t h e  e l e c t r o n  d e n s i t y  b e g i n s  t o  
b u i l d  up more a b o u t  t h e  h e l i u m  a to m .  At R ■ 3*0 t h e  e l e c t r o n  d e n s i t y  
shows l i t t l e  d e p e n d e n c e  on t h e  p r o t o n ,  i n d i c a t e d  by a  n e a r l y  s y m m e t r i c a l
d i s t r i b u t i o n  o f  e l e c t r o n  d e n s i t y  a b o u t  t h e  h e l i u m  a tom  and d i s s o c i a t i o n
+ + i n t o  He and H .
F i g u r e s  10 and 11 show t h e  v a r i a t i o n  of  e l e c t r o n  d e n s i t y  
a l o n g  t h e  i n t e r n u c l e a r  a x i s  a s  R ^  i n c r e a s e s  when t h e  e x p a n s i o n  p o i n t  
i s  o p t i m i z e d .  T h i s  opt imum e x p a n s i o n  p o i n t  i s  d e t e r m i n e d  by v a r y i n g  R^ 
f o r  a  f i x e d  R ^  u n t i l  t h e  minimum e n e r g y  i s  o b t a i n e d .  The wave f u n c ­
t i o n  i s  a g a i n  t h e  two t e r m  f u n c t i o n  g i v e n  by Eq .  51* F o r  s m a l l  R^g 
( 0 . 1- 0 . 3 ) t h e s e  g r a p h s  h a v e  a  more s y m m e t r i c a l  a r r a n g e m e n t  o f  c h a r g e  
d e n s i t y  a b o u t  t h e  h e l i u m  a to m  t h a n  do  t h e  c o r r e s p o n d i n g  h e l i u m - c e n t e r e d
2 b
FIGURE 5
++E l e c t r o n  D e n s i t y  A lo n g  I n t e r n u c l e a r  A x i s  f o r  HeH . Helium-
C e n t e r  E x p a n s i o n  f o r  R ,_  - 0 . 1 ,  0 . 2 ,  0 .3 *  P r o t o n  i s  R e p r e s e n t e d  by a
A d
Sm al l  Mark on Z - A x i s .  H e l ium  N u c l e u s  i s  a t  Z -  0 .
ELECTRON
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E l e c t r o n  D e n s i t y  A long  I n t e r n u c l e a r  A x is  f o r  HeH . Helium-
C e n t e r  E x p a n s io n  f o r  R ._  -  0 . 4 ,  0 . 5 ,  0 . 6 .  P r o t o n  i s  R e p r e s e n t e d  by a
A d
S m a l l  Mark on Z - A x i s .  Helium N uc leus  i s  a t  Z * 0 .
ELECTRON DENSITY




E l e c t r o n  D e n s i t y  A lo n g  I n t e r n u c l e a r  A x is  f o r  HeH . Helium' 
C e n t e r  E x p a n s i o n  f o r  RAfi * 0 . 7 ,  0 . 8 ,  0 . 9 -  P r o t o n  i s  R e p r e s e n t e d  by a  
S m a l l  Mark on  Z - A x i s . H e l ium  N u c le u s  i s  a t  Z * 0 .
ELECTRON DENSITY
FIGURE 8
E l e c t r o n  D e n s i t y  Along I n t e r n u c l e a r  Axis  f o r  HeH 
C e n t e r  E x p a n s io n  f o r  RAQ « 1 . 0 ,  1.5* P r o t o n  i s  R e p r e s e n te d  b 













Electron Density Along Internuclear Axis for HeH . Helium- 
Center Expansion for * 2 . 0 ,  2 . 5 ,  3 * 0 .  Proton is Represented by a 





























E l e c t r o n  D e n s i t y  A lo n g  t h e  I n t e r n u c l e a r  A x is  f o r  HeH . 
Optimum E x p a n s i o n  P o i n t s  f o r  ■ 0 . 1 ,  0 . 2 ,  0 . 3 .  P r o t o n  i s  Repr  
s e n t e d  by S m a l l  H a rk  on Z - A x l s .  H e l ium  Atom i s  E s s e n t i a l l y  a t  Z








E l e c t r o n  D e n s i t y  A long  t h e  I n t e r n u c l e a r  A x is  f o r  HeH
Optimum E x p a n s i o n  P o i n t s  f o r  R. = 0 . 4 ,  0 . 5 *  0 . 6 .  P r o t o n  i s  R e p r e -
AB
s e n t e d  by S m a l l  Mark on Z - A x i s .  H e l ium  Atom i s  E s s e n t i a l l y  a t  Z *
ro
ELECTRON DENSITY 
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r e s u l t s .  A t R = O.U t h e  o p t i m i z e d  e x p a n s i o n  shows a  l a r g e r  s h i f t  o f  
e l e c t r o n  d e n s i t y  to w a rd  t h e  h y d r o g e n  a tom  t h a n  d o e s  t h e  wave f u n c t i o n  
f o r c e d  t o  be c e n t e r e d  on h e l i u m .  F o r  R S 0 . 5 .  h o w e v e r ,  t h e r e  i s  no 
d i f f e r e n c e  b e tw e e n  t h e  d e n s i t i e s  p r e d i c t e d  by t h e  two e x p a n s i o n s .
2 kA l t h o u g h  t h e  e x a c t  wave  f u n c t i o n  i s  known , t h e r e  h a v e  b e e n  
no p u b l i s h e d  e l e c t r o n  d e n s i t i e s  w i t h  w h ic h  t o  make a d i r e c t  c o m p a r i s o n .  
T h e r e f o r e ,  we c a n n o t  be  c e r t a i n  t h a t  t h i s  s l i g h t l y  l a r g e r  a c c u m u l a t i o n  
o f  c h a r g e  a b o u t  t h e  h e l i u m  a tom  f o r  s m a l l  R^g i s  c l o s e r  t o  t h e  e x a c t  
b e h a v i o r .  T h e r e  i s ,  h o w e v e r ,  f u r t h e r  e v i d e n c e  f rom  t h e  e n e r g y  and  d i ­
p o l e  moment c a l c u l a t i o n s  d i s c u s s e d  be low  w h ic h  a p p e a r s  t o  v a l i d a t e  t h e  
opt imum e x p a n s i o n  p o i n t  c a l c u l a t i o n s .
b .  E n e r g y  
( 1 ) * -
The e n e r g y  o f  t h e  h e l i u m - c e n t e r e d  o n e - t e r m  wave f u n c t i o n  i s  
g i v e n  i n  T a b l e  I I I  and  F i g u r e  12 a s  a  f u n c t i o n  o f  i n t e r n u c l e a r  s e p a r a ­
t i o n .  The c o r r e s p o n d i n g  e n e r g i e s  f o r  s e v e r a l  o t h e r  f i x e d  e x p a n s i o n  
p o i n t s  a p p e a r  i n  F i g u r e  15* T h e r e  i s  no minimum i n  t h e  e n e r g y  c u r v e  
f o r  t h e  h e l i u m - c e n t e r e d  wave f u n c t i o n ,  and t h e  a p p e a r a n c e  o f  min ima 
f o r  t h e  o t h e r  f i x e d  e x p a n s i o n  p o i n t s  i s  n o t  t o  be t a k e n  s e r i o u s l y .  The 
i d e a  o f  a  f i x e d  e x p a n s i o n  p o i n t  f o r  t h i s  s y s t e m  i s  c e r t a i n l y  n o t  v e r y  
r e a l i s t i c  f o r  o b t a i n i n g  a  t r u e  d e s c r i p t i o n  a t  a l l  v a l u e s  o f  t h e  i n t e r ­
n u c l e a r  s e p a r a t i o n .  F o r  a  g i v e n  f i x e d  r a t i o  R^/R^g t h e  e n e r g y  v a l u e s  
f o r  s m a l l  i n t e r n u c l e a r  s e p a r a t i o n s  ( u n i t e d  a to m  l i m i t )  w i l l  n e c e s s a r i l y  
be o b t a i n e d  more  a c c u r a t e l y  t h a n  f o r  l a r g e  R^g* T h i s  i s  c l e a r l y  
r e a l i z e d  by e x a m i n i n g  t h e  optimum e x p a n s i o n  r e s u l t s  g i v e n  i n  T a b l e  IV.
I n  F i g u r e  14 we s e e  t h a t  a s  RA_."*0 t h e  optimum e x p a n s i o n  p o i n t  a p p r o a c h e s
Afi
o n e - t h i r d ,  t h e  p o s i t i o n  o f  t h e  c e n t e r  o f  p o s i t i v e  c h a r g e .
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TABLE I I I
HELIUM-CENTER RESULTS FOR HeH*'*'
r a b - ( e - i + / r a b ) E a
0 . 1 8 . 7 I + 1 + 8 U I + 31.255156 2.885535
0 . 2 8 . 2 8 0 2 6 U 11.719736 2.705505
0 . 3 7 . 8 1 6 2 6 1 + 5 . 5 1 7 0 6 6 2 . 5 I + 8 1 5 5
0 . 1 + 7 . 1 + 0 5 8 9 6 2 . 5 9 6 1 0 1 + 2 . 1 + 2 2 9 1 6
0 .5 7 . 0 1 + 8 5 1 + 8 0 . 9 5 1 1 + 5 2 2.325097
0 . 6 6 . 7 1 + 1 + 3 9 1 - 0 . 0 7 7 7 2 5 2 . 2 1 + 8 8 9 7
0 .7 6 . 1+83739 - 0 . 7 6 9 1 + 5 1 + 2.189556
0 . 8 6.259510 - 1 . 2 5 9 5 1 0 2 . 11+ 31+97
0 .9 6 . 0 6 5 7 2 1 - 1 . 6 2 1 2 7 7 2 . 1 0 7 8 3 6
1 . 0 5 . 8971+58 - 1 . 8 9 7 1 + 5 8 2 . 0 8 0 1 + 3 6
l . i 5.750692 - 2 . 1 1 1 + 3 2 9 2 . 0 5 9 5 2 6
1 . 2 5 . 6 2 2 1 1 7 - 2 . 2 8 8 7 8 1 + 2 . 0 1 + 3 7 1 6
1 .3 5 . 5 0 8 9 9 8 - 2 . 1 + 3 2 0 7 5 2 . 0 3 1 8 9 7
1 . 1 + 5 . 1 + 0 9 0 7 1 - 2 . 5 5 1 9 1 8 2 . 0 2 3 0 9 8
1-5 5 . 3 2 0 1 + 0 1 - 2.653735 2.016597
1 . 6 5 . 2 1 + 1 1 + 3 2 - 2 . 7 I + 1 1 + 2 3 2 . 0 1 1 8 5 6
1 .7 5.170779 - 2 . 8 1 7 8 3 8 2 . 0 0 8 1 + 2 6
1 . 8 5.107332 - 2 . 8 8 5 1 1 0 2.005999
1 .9 5 . 0 5 0 1 2 1 - 2 . 9 1 + 1 + 8 5 8 2 . 0 0 1 + 1 9 8
2 . 0 h -998332 - 2 . 9 9 8 3 3 2 2 . 0 0 2 9 1 + 6
2 .5 i +.'799782 - 3.199782 2 . 0 0 0 1 + 9 8
3 .0 1 +  . 6 6 6 6 3 8 - 3.333305 2 . 0 0 0 0 3 7
3*5 i + .  5711+25 - 3 . 1 + 2 8 5 6 8 2 . 0 0 0 0 0 0
i + . o 1 + .  1 + 9 9 9 9 9 - 3 . 1 + 9 9 9 9 9 2 . 0 0 0 0 0 0
1+.5 4 . 1+ 1+ 1+ 1+ 1+ 1+ - 3-555555 2 . 0 0 0 0 0 0
5 .0 1 + .  1 + 0 0 0 0 0 - 3 . 6 0 0 0 0 0 2 . 0 0 0 0 0 0
5-5 1 + .  3 6  3 6 3 7 - 3 * 6 3 6 3 6 U 2 . 0 0 0 0 0 0
FIGURE 12
T o t a l  E n e rg y  a s  a  F u n c t i o n  o f  I n t e r n u c l e a r  S e p a r a t i o n  f o r  
HeH++ w i t h  Y ■ The E x p a n s i o n  P o i n t  i s  t h e  H e l ium  Atom.
3^
2
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FIGURE I ?
T o t a l  E n e rg y  a s  a  F u n c t i o n  o f  I n t e r n u c l e a r  S e p a r a t i o n  f o r  






RESULTS OF OPTIMUM EXPANSIONS FOR HeH++
R V r a b R 1 o r E A *
0 . 1 0 . 5 0 0 0 . 0 5 0 2 . 9 0 9 2 9 7 51.194208 0.696959
0 . 2 0 . 2 6 0 0 . 0 5 2 2 . 7 5 7 7 9 7 1 1 . 6 0 5 6 0 8 1 .402467
0 . 5 0 . 2 1 0 0 . 0 6 5 2 . 5 7 1 0 5 5 5 .588797 1.641052
0 .4 0 . 1 7 0 0 . 0 6 8 2 . 1+52097 2 . 4791^2 1.579755
0 .5 0 . 1 5 0 0 . 0 6 5 2 .552998 0.855551 1 . 5 2 5 2 6 2
0 . 6 0 . 1 0 0 0 . 0 6 0 2 .242897 - 0.156659 1.170565
0 . 7 0 . 0 8 0 0 . 0 5 6 2 .179197 - 0 . 8 5 1 6 7 2 0 . 9 5 9 6 0 1
0 . 8 0 . 0 6 0 0 .0 4 8 2 .155597 - 1.507964 0 , 7 7 ^ 0 8 6
0 .9 0 . 0 5 0 0 . 01+5 2.095856 - 1.658927 0 . 6 2 0 7 0 1
1 . 0 0 . 0 1 + 0 o . o l + o 2 . 0 6 9 0 1 6 - 1.926654 0.494722
1 . 1 0 . 0 5 0 0 . 0 5 5 2 .050797 - 2.156951 0.595051
1 . 2 0 . 0 2 5 0 . 0 5 0 2 .055426 - 2 .505400 0 .515555
1 .5 0 . 0 2 0 0 . 0 2 6 2.024999 - 2 .445850 0 . 2 4 9 6 8 5
1 . 1 + 0 .0 1 5 0 . 0 2 1 2 .018297 - 2 . 5 6 2 6 0 1 0 . 1 9 7 6 8 6
1 .5 0 .015 0 .0225 2 .010498 - 2 .662244 0.159952
1 . 6 0 . 0 1 0 0 . 0 1 6 0 2 .008697 - 2 .748098 0.127551
1 .7 0 . 0 1 0 0 .0 1 7 0 2 .004606 - 2 .8 2 5 2 9 5 0 .124856
1 . 8 0 . 0 0 8 0 . 0 1 1 + 1 + 2 . 0 0 5 1 2 6 - 2 . 8 8 9 5 2 2 O . O 8 6 5 8 6
1 .9 0 . 0 0 7 0 . 0 1 5 5 2 . 0 0 1 7 0 6 - 2 .948452 0 . 0 7 1 1 6 7
2 . 0 0 . 0 0 6 0 . 0 1 2 0 2 .00897 - 5.001279 0 . 0 5 8 9 6 0
a .  A ** [ E ( h e l i u m  c e n t e r )  -  E (o p t im u m )]  x 100 x E+4/R^g-  E ( h e l i u m  c e n t e r ) ]
FIGURE 14
Optimum Rq a s  a  F u n c t i o n  o f  I n t e r n u c l e a r  S e p a r a t i o n  f o r  
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I t  i s  c l e a r  t h a t  t h e  optimum a b s o l u t e  d i s t a n c e  m us t  p a s s  
t h r o u g h  a maximum w i t h  i n c r e a s i n g  n u c l e a r  s e p a r a t i o n .  As » t h e
e x p a n s i o n  p o i n t  s h o u l d  a p p r o a c h  t h e  c e n t e r  o f  t h e  u n i t e d  a to m ,  and  a s  
t h e  s i n g l e  e l e c t r o n  must be bound t o  t h e  more h i g h l y  c h a r g e d  
n u c l e u s .  The o n e - c e n t e r  e x p a n s i o n  t e c h n i q u e  s h o u l d  t h u s  be e x a c t  f o r  
v e r y  s m a l l  and l a r g e  i n t e r n u c l e a r  s e p a r a t i o n s .  From T a b l e  IV we s e e  
t h a t  t h e  maximum optimum e x p a n s i o n  p o i n t  ( a b s o l u t e )  o c c u r s  n e a r  R^g ■ O.U, 
w h i l e  t h e  maximum e n e r g y  im provem ent  o c c u r s  n e a r  R^g = 0 - 3 -  From t h i s  
T a b l e  we a l s o  s ee  t h a t  t h e  e n e r g y  improvement  o v e r  t h e  h e l i u m  c e n t e r  
r e s u l t s  i s  q u i t e  s i g n i f i c a n t .  T h i s  i s  t o  be e x p e c t e d  s i n c e  t h e  o f f -  
c e n t e r  e x p a n s i o n s  a r e  i n  e f f e c t  a d d i n g  some p - c h a r a c t e r  t o  a I s  h e l i u m -  
c e n t e r e d  wave f u n c t i o n .
(2) » ■ + C2i 2
The e n e r g i e s  and optimum p a r a m e t e r s  o b t a i n e d  u s i n g  t h e  two- 
t e r m  wave f u n c t i o n  and  t h e  h e l i u m  a tom  a s  t h e  e x p a n s i o n  p o i n t  a r e  g i v e n  
i n  T a b l e  V and  F i g u r e  15- The c o r r e s p o n d i n g  r e s u l t s  f o r  s e v e r a l  o t h e r  
f i x e d  e x p a n s i o n  p o i n t s  a r e  shown i n  T a b l e s  V I - V I I I  and F i g u r e  16.  In  
T a b l e s  VI and  V I I  we s e e  t h a t  f o r  ®-^/R^g = 0*1 an(* 0 . 2  a  d i s c o n t i n u i t y  
o c c u r s  i n  t h e  e x p o n e n t  0 o f  t h e  2 Pq o r b i t a l  n e a r  R^g = 1 . 0 .  F o r  
R^/R^g * 0 . 1  a  s i g n i f i c a n t  change  i n  t h e  c o e f f i c i e n t  a l s o  o c c u r s  a t  
t h e  same i n t e r n u c l e a r  s e p a r a t i o n  a s  t h e  d i s c o n t i n u i t y  i n  0 ,  a l t h o u g h  
no su ch  ch an g e  I s  d i s c e r n i b l e  f o r  = 0 . 2 .  The h e l i u m - c e n t e r e d
f u n c t i o n s  shown i n  T a b l e  V do n o t  e x h i b i t  t h i s  b e h a v i o r ,  show ing  t h a t  
i t  i s  a n  a r t i f a c t  o f  t h e  f o r c e d  o f f - c e n t e r  e x p a n s i o n s ,  w h ich  a r e  un­
r e a l i s t i c  f o r  l a r g e  i n t e r n u c l e a r  s e p a r a t i o n .  The jump in  t h e  0 v a l u e  
f o r  a  f i x e d  e x p a n s i o n  p o i n t  seems t o  i n d i c a t e  t h e  i n t e r n u c l e a r  s e p a r a ­
t i o n  a t  w h ich  a  ch an g e  o c c u r s  i n  t h e  d e s c r i p t i o n  o f  t h e  s y s t e m  a t t e m p t e d
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TABLE V
RESULTS OF HELIUM-CENTER CALCULATIONS FOR HeH++
rab
E o r e C1 C2
O . I 31.196238 2 . 9 0 0 2 0 0 5 . 8 0 1 1 0 0 0 . 9 9 8 8 0 5 0.048871
0 . 2 1 1 . 5 8 8 8 8 6 2 . 7 2 8 2 0 0 4 . 5 6 2 1 0 0 0 . 9 9 5 6 7 8 0 . 0 9 2 8 6 9
0 .3 5 . 3^9368 2 . 5 6 8 6 0 0 3 . 8 5 2 0 0 0 0 .992363 0 .123349
0 .4 2 .418335 2 .437000 3 . 3 8 3 0 0 0 0 . 9 8 9 7 8 5 0 .142569
0 . 5 0 . 7 7 8 9 0 0 2 . 3 3 1 9 0 0 3 . 0 4 7 0 0 0 0 . 9 8 8 1 4 7 0 .153509
0 . 6 - 0.237295 2 .248700 2 . 7 9 2 1 0 0 0 .987358 0 . 1 5 8 5 0 8
0 .7 - 0 . 9 1 2 6 6 1 2 . 1 8 3 6 0 0 2 . 5 9 2 2 0 0 0 . 9 8 7 2 5 2 0 . 1 5 9 1 6 7
0 . 8 - 1.385447 2 . 1 3 3 0 0 0 2 . 4 3 1 2 0 0 0 . 9 8 7 6 5 2 0 . 1 5 6 6 6 7
0 .9 - 1 . 730410 2.094000 2 . 2 9 9 0 0 0 0 .988399 O . 1 5 1 8 8 I
1 . 0 - 1 .990983 2 .064100 2 . 1 8 8 2 0 0 0 .989357 0 .145512
1 .1 - 2 .193793 2 .042500 2 . 0 2 2 2 0 0 0 . 9 9 0 0 9 7 0 .140384
1 . 2 - 2 . 3 5 5 8 6 0 2 . 0 2 6 2 0 0 2 . 0 1 6 3 0 0 0 . 9 9 1 5 2 6 0 . 1 2 9 9 0 7
1 .4 - 2 .599089 2 . 0 0 6 6 0 0 1 . 8 9 2 1 0 0 0.993595 0 .112998
1 . 6 - 2 .774329 1.997900 1 . 8 0 0 1 0 0 0 .995309 0 .096748
1 . 8 - 2 . 9 0 8 0 9 1 1 . 9 9 4 9 0 0 1 . 7 3 1 2 0 0 0 . 9 9 6 6 1 7 0 . 0 8 2 1 8 7
2 . 0 - 3.014511 1 .994200 1 . 6 8 1 0 0 0 0 .997570 0 . 0 6 9 6 7 7
2 .5 - 3.206933 1 . 9 9 6 2 0 0 1.614000 0 . 9 9 8 9 0 7 0 .046750
3 .0 - 3.336807 1 . 9 9 8 0 0 0 1 . 5 9 0 1 0 0 0 . 999^65 0.032711
3-5 - 3.^30457 1 . 9 9 8 8 0 0 1 .58400 0 .999713 0 . 0 2 3 9 6 9
4 .0 - 3 .501103 1.999100 1 . 5 8 1 0 0 0 0 .999833 0 . 0 1 8 2 8 9
4 .5 - 3.556243 1 . 9 9 9 6 0 0 1 . 5 8 6 8 0 0 0 .999896 0 . 0 1 4 3 9 1
5 .0 - 3.600450 I . 9 9 9 7 0 0 1 . 5 8 8 5 0 0 0 .999932 0 . 0 1 1 6 3 0
FIGURE 15
T o t a l  E n e rg y  a s  a  F u n c t i o n  o f  I n t e r n u c l e a r  S e p a r a t i o n  f o r  
HeH** w i t h  Y = Ci * l  +  C2*2* ExPa n s i o n  t h e  He l ium  Atom.
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V rab * ° * 1
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rab
E a e C1 C2
0 .5 0 . 8 0 3 3 3 * + 2 . 3 2 9 0 0 0 2 . 6 9 6 5 0 0 0 . 9 9 5 5 5 4 0 . 0 9 4 1 9 3
1 . 0 - 1.946474 2 . 0 3 3 0 0 0 7 . 1 1 1 1 0 0 0 . 9 9 9 0 6 9 0 .043148
1 .5 - 2 .619895 1 . 8 9 5 8 0 0 5.296400 0 . 9 9 6 1 3 6 0 . 0 8 7 8 2 7
2 . 0 - 2 .881567 1 . 8 0 7 6 0 0 4.135700 0 . 9 8 9 2 1 0 0 .146503
2 .5 - 2.999611 1 . 7 5 1 0 0 0 3 . 5 2 3 2 0 0 0 . 9 7 9 4 1 3 0 . 2 0 1 8 6 5
5 .0 - 5 . 04757 *+ 1 . 6 5 8 2 0 0 3.135200 0 . 9 6 8 0 9 9 0 . 2 5 0 5 6 8
5*5 - 3-055184 1 . 5 8 8 7 0 0 2 .867400 0 . 9 5 6 6 0 0 0 .291403
4 .0 - 3 .037813 1 . 5 2 2 9 0 0 2 . 6 5 6 8 0 0 0 . 9 4 5 0 5 8 0 . 3 2 6 9 0 2
4 .5 - 3.004515 1.461200 2.485300 0 . 9 3 5 8 5 9 0 . 3 5 7 6 4 0
5 .0 - 2 . 9 6 1 0 1 3 1 . 4 0 3 6 0 0 2 .340800 0 . 9 2 3 1 3 8 0 .384469
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TABLE V II
Hell4*  RESULTS FOR A FIXED EXPANSION ^ / ^ g  = 0 .2
rab
E a e C1 C 2
0 . 5 0 . 8 6 7 3 7 2 2 . 2 9 3 8 0 0 2 . 1 0 3 2 0 0 0.999361 0 . 0357^7
1 . 0 - 1 . 8 3 3 0 6 7 1.914900 5.516400 0 .996403 0 .084736
1-5 - 2 .390146 1.694600 3.694900 O . 9 8 3 7 0 9 0.179771
2 . 0 - 2 .545046 1.540200 2 . 9 0 8 0 0 0 0 . 9 6 2 6 7 5 0 . 2 7 0 6 6 1
2-5 - 2 . 5 6 5 7 6 8 1.415600 2 .472100 0 .939322 0 . 3 4 3 0 3 6
3-0 - 2 .528458 1 . 3 1 0 3 0 0 2 . 1 8 3 2 0 0 0 . 9 1 7 0 8 0 0 .398703
3-5 - 2 .463937 1 . 2 2 0 0 0 0 1.971400 0 .897078 0 .441873
4 .0 - 2 . 3 8 7 0 9 1 i . i 4 i i o o 1 . 8 0 6 6 0 0 0 .879508 0 .475884
4 .5 - 2 . 3 0 5 6 8 5 1 . 0 7 1 8 0 0 1 . 6 7 1 8 0 0 0 .863996 0 . 5 0 3 4 9 8
5 .0 - 2 . 2 2 3 8 9 7 1 . 0 1 1 0 0 0 1.553300 0 .849645 0 . 52735 ^
TABLE V I I I
HeH++ RESULTS FOR A FIXED EXPANSION Rn / R . n = 0 . 3
* " Cl * l  +  C2*2
r ab
E a P C 1 C 2
0 .5 0 .897577 2 . 2 6 2 7 0 0 8 . 2 7 5 2 0 0 0 .999424 0 .033946
1 . 0 - 1.645012 1 . 7 9 4 7 0 0 4 .022900 0 .990634 0 ,136546
1 .5 - 2 . 1 1 0 8 0 1 1 . 5 2 6 1 0 0 2 . 8 2 5 7 0 0 0 .966631 0 .256174
2 . 0 - 2 .195461 1 . 3 4 2 9 0 0 2 . 2 6 7 5 0 0 0.934557 0 .355814
2 -5 - 2 .164743 1 .204400 1.931500 0.902735 0 .430197
3-0 - 2 . 0 9 1 9 8 2 1 .093900 1 . 6 9 3 2 0 0 0 .873958 0.486001
3-5 - 2 .004413 1 . 0 0 3 0 0 0 1 . 5 2 6 8 0 0 0 .850905 0 .525319
4 .0 - 1 . 9 1 3 6 9 8 0 . 9 2 6 8 0 0 1 . 3 9 0 8 0 0 0 .830885 0 .556444
4 .5 - 1 . 8 2 5 0 7 6 0 . 8 6 1 7 0 0 1 . 2 8 0 3 0 0 0 . 8 1 3 9 8 6 0 .580884
5 .0 - 1.740845 0 . 8 0 5 6 0 0 1 . 1 8 8 2 0 0 0 .799559 0 . 6 0 0 5 8 7
FIGURE 16
T o t a l  E ne rgy  a s  a  F u n c t i o n  o f  I n t e r n u c l e a r  S e p a r a t i o n  f o r  
HeHH‘ w i t h  Rq = RX/ RAB = 0 * 1 .  ° * 2 » ° * 3 .  and * = + C2 * 2 ’
VO
^5
by t h e  a r t i f i c i a l  e x p a n s i o n .  F o r  l a r g e r  t h a n  t h i s  v a l u e  t h e  d e ­
s c r i p t i o n  i s  e s s e n t i a l l y  o f  a  He+ io n  p e r t u r b e d  by a p r o t o n :  t h e  p -
o r b i t a l  d o e s  n o t  a t t e m p t  t o  encompass  t h e  p r o t o n ,  b u t  r a t h e r  c o n s t r i c t s
t o  m a i n t a i n  c o n t a c t  w i t h  t h e  h e l i u m  n u c l e u s .  F o r  R .„  s m a l l e r  t h a n  t h i sAB
v a l u e  f u r t h e r  s h r i n k i n g  becomes p r o h i b i t i v e  i n  t e rm s  o f  k i n e t i c  e n e r g y ,  
s o  t h e  p - o r b i t a l  expands  t o  encompass  b o th  p a r t i c l e s  i n t o  one u n i t .
We a l s o  o b s e r v e  t h a t  t h e  e n e r g y  v a l u e s  a r e  a lw ay s  lo w er  f o r  
t h e  h e l i u m - c e n t e r e d  e x p a n s i o n  t h a n  f o r  any  o f  t h e  o t h e r  ( r e l a t i v e l y  
d i s t a n t )  f i x e d  e x p a n s i o n  p o i n t s  a t  t h e  i n t e r n u c l e a r  s e p a r a t i o n s  t a b u ­
l a t e d .  The optimum e x p a n s i o n  p o i n t s  a r e  a c t u a l l y  v e r y  n e a r  t h e  h e l i u m  
n u c l e u s ,  a s  shown i n  T a b l e  IX.  The improvement  o v e r  t h e  h e l i u m - c e n t e r  
r e s u l t s  i s  n o t  a s  p ro n o u n c e d  a s  w i t h  a  wave f u n c t i o n  c o n s i s t i n g  o f  o n l y  
a  I s  f u n c t i o n .  The o f f - c e n t e r  e x p a n s i o n  i s  now a d d i n g  some d ^ e  c h a r a c t e r  
t o  t h e  p f u n c t i o n ,  w h ich  r e a s o n a b l y  d o e s  n o t  a i d  t h e  wave f u n c t i o n  a s  
much a s  t h e  a d d i t i o n  o f  p c h a r a c t e r  t o  an  s f u n c t i o n .  T h i s  i s  e x e m p l i ­
f i e d  i n  T a b l e  IX ,  f o r  i t  i s  s e e n  t h a t  w i t h  i n c r e a s i n g  i n t e r n u c l e a r  
s e p a r a t i o n  ( u p  t o  a  p o i n t )  t h e  amount  o f  p c h a r a c t e r  i n c r e a s e s  and t h e  
im provem ent  i n  e n e r g y  o v e r  t h e  h e l i u m - c e n t e r e d  r e s u l t s  d e c r e a s e s .
The c o m p a r i s o n  o f  t h e s e  r e s u l t s  w i t h  t h e  e x a c t  t r e a t m e n t  o f
2 k  23B a t e s  and  C a r s o n  and t h e  p a r t i a l  wave e x p a n s i o n  o f  R a b i n o v i c h  a p ­
p e a r s  i n  T a b l e  X. B a t e s  and C a r s o n ' s  c a l c u l a t i o n s  employed t h e  wave 
f u n c t i o n
,  52
w h e re  (p i s  t h e  a z i m u t h a l  a n g l e  and X and p. a r e  t h e  u s u a l  c o n f o c a l  e l ­
l i p t i c  c o o r d i n a t e s .  R a b i n o v i c h  used  t h e  p a r t i a l  wave t h e o r y  w hich  i s  
a  p a r t i c u l a r  fo rm o f  s i n g l e - c e n t e r  e x p a n s i o n .  He c h o s e  t h e  c h a r g e  
c e n t e r  a s  t h e  o r i g i n  and expanded  t h e  wave f u n c t i o n  a b o u t  t h i s  p o i n t  
i n  an  i n f i n i t e  s e r i e s  o f  p a r t i a l  w a v es .  We n o t e  from t h i s  T a b l e
TABLE IX
DATA FROM OPTIMUM EXPANSIONS FOR HeH**
rab ri / rab S1 E 0 3 c i °2 Aa
0 .1 0.17500 0.017500 31.191803 2.909100 5.521600 0.999726 0.023424 .050374
0 .2 0.07250 0.014500 11.585206 2.737900 4.443600 0.997379 0.072357 .043733
0 . 3 0.03500 0.010500 5.3473^1 2.575100 3.783200 0.993987 0.109499 .026634
o .4 0.02000 0.008000 2.417320 2.441000 3.335700 O.99H 58 0 .132687 .013386
0 .5 0.00975 0.004875 0 .778513 2.333800 3.013200 0.988984 0.148022 •005359
0 .6 0.00425 0.002550 -0 .237393 2.249600 2.778400 O.987813 0.155643 .001419
a .  A = [E (he l ium  c e n t e r )  - E(optimum)] x 100 x t4 /R ^g  - E (he l ium  c e n t e r ) ]
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TABLE X
HeH++ - COMPARISON OF RESULTS
rab
PRESENT WORK BATES St CARS0Na RABINOVICHb AEC
0 .2 5 7 .800488+ 7 .7 3 2 7 0 7 .7 3 6 5 - 0 .06879
0 .5 0 0 . 7 7 8 5 1 3 t O .6689 I 0 .6 8 6 8 - 0 .10960
1 .0 0 -1 .9 9 0 9 8 3 * -2 .0 6 6 7 1 - 1 . 9 9 5 2 - 0 .07573
2 . 0 0 -3 .0 1 4 5 1 1 * - 3 . 0 2 4 3 9 - 2 . 6 9 5 5 - 0 .00988
3 .0 0 - 3 .3 3 6 8 0 7 * - 3 .3 3 7 6 5 - 2 .6 5 8 6 - 0 . 0 0 0 8 4
4 . 0 0 - 3 . 5OUO3* -3 .5 0 1 2 1 - 2 . 4 9 3 1 - 0 .0 0 0 1 1
a .  E x a c t  ( s e e  r e f .  2 4 ) .
b .  P a r t i a l  wave e x p a n s i o n  ( s e e  r e f .  2 3 ) .
c .  ( B a t e s  St C a r s o n )  - ( p r e s e n t  w o r k ) ,  
t  Optimum e x p a n s i o n .
+ Hel ium c e n t e r .
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verification of the earlier statement that one-center expansions should 
be most accurate at small and large values of the internuclear separa­
tion for diatomic species that dissociate with all electrons on one 
nucleus. It is unfortunate that there are not more data available for 
comparison at internuclear separations where the off-center expansions 
are most advantageous. For small internuclear separations the effort 
of doing the off-center calculations appears rewarding and for only a 
two term wave function the results are not discouraging.
c . Dipole Moment
Care must be exercised in defining the dipole moment of a 
charged system so that the resulting expression is physically meaning­
ful and independent of the choice of origin. As mentioned by Grey and 
52Pritchard , for a diatomic molecular ion with the number of electrons 
is equal to the difference in the positive charges of the nuclei, the 
meaningful moment is about the more highly charged nucleus (helium) 
and given by the expression
V. = JWdT  53
It is seen that this is simply the electronic moment, or the total 
moment of a fictitious species obtained by symmetrically decreasing 
the nuclear charges to obtain a neutral system.
S i n c e  z ■ r  cos  0 ,  t h e  moment i s  g i v e n  by
î = J 2™J™J^Yrcos0Yr2 s in 0 d cp d 0 d r . . , . . 5 4
U s in g  t h e  two t e r m  wave f u n c t i o n  t h e  f i n a l  r e s u l t  i s
u = 64 c 1C _ a 3 / 2 p 5 / 2 ( o 4- 3 ) ' 5 .   55z 1 2
The dipole moment for each internuclear separation is then obtained by
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s u b s t i t u t i n g  t h e  c o r r e s p o n d i n g  v a l u e s  o f  C^,  , ot and 0 o b t a i n e d  p r e ­
v i o u s l y  i n t o  Eq. 55* I f  t h e  wave f u n c t i o n s  c a l c u l a t e d  f o r  t h e  optimum 
e x p a n s i o n  p o i n t s  a r e  u s e d ,  th e  r e s u l t s  m us t  be c o r r e c t e d  r e l a t i v e  t o  
t h e  h e l i u m  a tom  a s  t h e  o r i g i n .  T h e se  r e s u l t s  compared w i t h  t h e  e x a c t  
v a l u e s  o f  Grey and  P r i t c h a r d  a r e  g i v e n  i n  T a b le  XI and F i g u r e s  17 and  
18. These  a n s w e r s  a p p e a r  v e r y  e n c o u r a g i n g  f o r  i t  i s  n o t  g u a r a n t e e d
t h a t  d i p o l e  moment c a l c u l a t i o n s  w i l l  be o f  t h e  r i g h t  o r d e r  o f  m a g n i tu d e
27  +ev en  i f  t h e  e n e r g y  c a l c u l a t i o n s  a r e  v e r y  a c c u r a t e  . For  t h e  HeH io n
C o u lso n  and Duncanson  used  a  s im p le  l i n e a r  c o m b i n a t i o n  o f  H ( l s )  and
H e ( l s )  f u n c t i o n s  t o  o b t a i n  a n  e n e r g y  i n  e r r o r  o n l y  0 . 5 $  a t  R -  1 . 4  aG.
H owever ,  t h e i r  c o r r e s p o n d i n g  d i p o l e  moment i s  o n l y  a b o u t  0 . 0 1 9  e aQ ,
compared t o  t h e  e x a c t  v a l u e  o f  0 . 1 4  e a 0 •
The e q u i l i b r i u m  s e p a r a t i o n  o f  t h e  n u c l e i  u s u a l l y  o c c u r s  a t  a
l a r g e r  d i s t a n c e  t h a n  t h a t  w h ich  would  p r o d u c e  a maximum d i p o l e  moment.
S i n c e  t h e r e  i s  no minimum i n  t h e  p o t e n t i a l  e n e r g y  o f  t h i s  s y s t e m  we
c a n n o t  make t h i s  c o m p a r i s o n  s t r i c t l y .  However,  from o u r  p r o b a b i l i t y
d e n s i t y  d i a g r a m s  we o b s e r v e d  t h a t  t h e  e l e c t r o n  d e n s i t y  s h i f t s  tow ard
t h e  p r o t o n  u n t i l  R. r e a c h e s  a b o u t  l .O ao*  The e l e c t r o n  d e n s i t y  t h e n
AB
b e g i n s  a p p r o a c h i n g  a  s y m m e t r i c a l  d i s t r i b u t i o n  a b o u t  t h e  h e l i u m  a to m .
The s u c c e s s f u l  c o m p l e t i o n  o f  su ch  a  s h i f t  would y i e l d  a  d i p o l e  moment 
o f  z e r o  w i t h  t h e  ab o v e  d e f i n i t i o n .  We can  t h e n  i n f e r  t h a t  a maximum 
" s t a b i l i t y "  o c c u r s  a t  a p p r o x i m a t e l y  R^g * 1 .0  Sq a n d  o u r  c a l c u l a t e d
d i p o l e  moment maximum o c c u r s  a t  0 . 8  Sq . T h i s  a d m i t t e d l y  c r u d e  c o m p a r i ­
s o n ,  t h e n ,  shows a  g e n e r a l  a g r e e m e n t  w i t h  u s u a l  b e h a v i o r .
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TABLE X I
COMPARISON OF DIPOLE MOMENTS3 FOR H eH ^
rab
THIS WORK GRAY AND PRITCHARD ADC
0 . 2 5 0 .0 6 1 4 7 5 0 .0 7 8 5 .0168
0 . 5 0 0 .1 2 0 4 5 1 0 . 1 5 7 5 .0168
0 . 7 5 0 .142845 0 .1 7 1 5 .0285
1 .00 0 .1 5 9 1 9 6 0 .1 7 9 7 .0405
1 .50 0 .105589 0 .1 4 1 9 .0385
2 .0 0 0 .0 6 8 4 5 1 0 .0 8 8 5 .0200
2 .5 0 0 .0 4 5 4 8 8 0 .0 5 5 5 .0080
5 .0 0 0 .051680 0 .0 5 4 7 .0030
5 .5 0 0 .025181 0 .0 2 4 6 .0014
4 . 0 0 0 .017677 0 .0182 .0005
4 .5 0 0 .015920 0 .0 1 4 2 .0003
5 .0 0 0 .0 1 1 2 5 5 0 . 0 1 1 4 .0001
a .  I n  u n i t s  o f  e a  .o
b .  See  r e f .  32.
c .  D i f f e r e n c e  b e tw ee n  s econd  and t h i r d  c o lu m n s .
FIGURE 17
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FIGURE 18
D i p o l e  Moments f o r  HeH++ a s  C a l c u l a t e d  i n  t h e  F r e s e n t  Work.
















2 .  HeH+
a .  E l e c t r o n  D e n s i t y
F o r  t h e  h e l i u m - c e n t e r e d  e x p a n s i o n  w i t h  t h e  wave f u n c t i o n
Y  =  C 1 4 1 ( l ) 4 1 ( 2 ) + C 2 ( 2 ) _ ^ [ 4 1 ( l ) * 2 ( 2 ) + * 2 ( 1 ) * 1 ( 2 ) ] >  5 6
t h e  v a r i a t i o n  o f  e l e c t r o n  d e n s i t y  a l o n g  th e  i n t e r n u c l e a r  a x i s  f o r  s e v e r a l
v a l u e s  o f  R, i s  i l l u s t r a t e d  i n  F i g u r e s  19-23* These  p l o t s  a r e  v e r y  AB
-j—j_
s i m i l a r  i n  fo rm  t o  t h e  c o r r e s p o n d i n g  g r a p h s  f o r  HeH , a s  would be  e x ­
p e c t e d  s i n c e  HeH+ a l s o  d i s s o c i a t e s  a  b a r e  p h o t o n .  The i n t e r n u c l e a r  
s e p a r a t i o n  a t  w h ich  th e  e l e c t r o n  d e n s i t y  b e g i n s  t o  c o n c e n t r a t e  more
a b o u t  t h e  h e l i u m  n u c l e u s  i s  a p p r o x i m a t e l y  1 . 5 ,  w h e rea s  t h e  c o r r e s p o n d i n g  
'M'v a l u e  f o r  HeH was 1 . 0 .  The a r r a n g e m e n t  o f  e l e c t r o n  d e n s i t y  a t  * 
2 . 7  i s  s t i l l  i n d i c a t i n g  th e  p r e s e n c e  o f  a  p e r t u r b i n g  f o r c e ,  b u t  a n  a p ­
p r o a c h i n g  s y m m e t r i c a l  a r r a n g e m e n t  a b o u t  t h e  h e l i u m  a tom i s  c l e a r l y  
d i s c e r n i b l e .
When t h e  e x p a n s i o n  p o i n t  i s  o p t i m i z e d  we a g a i n  o b s e r v e  a  more
s y m m e t r i c a l  d i s t r i b u t i o n  o f  c h a r g e  a b o u t  t h e  h e l i u m  a tom  compared  w i t h
t h e  h e l i u m  c e n t e r  e x p a n s i o n s  a t  s m a l l  R ( 0 . 1 - 0 . U ) )  a s  s e e n  i n  F i g u r e s
2h  and 25* F o r  R .n ^O .5  t h e r e  i s  no n o t i c e a b l e  d i f f e r e n c e  be tw een  t h eAB
o p t i m i z e d  e x p a n s i o n  and t h e  h e l i u m - c e n t e r e d  e x p a n s i o n .  As b e f o r e ,  t h e r e  
a r e  no e x a c t  e l e c t r o n  d e n s i t i e s  a v a i l a b l e  f o r  c o m p a r i s o n .
b .  E n e rg y
( 1 )  Y  =  * l ( l ) * 1 ( 2 )
The e n e r g y  c a l c u l a t e d  u s i n g  t h i s  o n e - t e r m  wave f u n c t i o n  and  a 
h e l i u m - c e n t e r  e x p a n s i o n  i s  g i v e n  i n  T a b l e  X I I  and F i g u r e  2 6 .  We see  
t h a t  t h e  e x p o n e n t  a  f o r  R^fi> ^ . 0  i s  t h e  one o b t a i n e d  f o r  a  s i m i l a r  c a l ­
c u l a t i o n  on h e l i u m ? ^  The e n e r g y  o b t a i n e d  f o r  su c h  a h e l i u m  c a l c u l a t i o n
FIGURE 19
E l e c t r o n  D e n s i t y  a l o n g  I n t e r n u c l e a r  A x i s  f o r  HeH+ . He l ium -  
C e n t e r  E x p a n s i o n  f o r  = 0 . 1 ,  0 . 2 ,  O . J .  P r o t o n  i s  R e p r e s e n t e d  by 
S m a l l  Mark on  Z - A x i s .  H e l iu m  N u c le u s  i s  a t  Z = 0 .
ro
ELECTRON DENSITY






E l e c t r o n  D e n s i t y  a l o n g  I n t e r n u c l e a r  A x is  f o r  HeH+ . Helium-
C e n t e r  E x p a n s io n  f o r  R. * 0,b,  0 . 5 ,  0 . 6 .  P r o t o n  i s  R e p r e s e n t e d  by
AB
Sm al l  Mark on Z - A x i s .  Helium N uc leus  i s  a t  Z * 0 .
IN)
ELECTRON DENSITY 





E l e c t r o n  D e n s i t y  a l o n g  I n t e r n u c l e a r  A x is  f o r  HeH+ . H e l ium -  
C e n t e r  E x p a n s io n  f o r  * 0 . 7 i  0 . 9 , 1 . 2 .  P r o t o n  i s  R e p r e s e n t e d  by 
S m a l l  Mark on  Z - A x i s .  H e l iu m  N u c le u s  i s  a t  Z ■ 0 .
ELECTRON DENSITY 
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E l e c t r o n  D e n s i t y  a l o n g  I n t e r n u c l e a r  A x i s  f o r  HeH+ . He l ium  
C e n t e r  E x p a n s i o n  f o r  ■ l»5> 1*8 ,  2 .1 *  P r o t o n  i s  R e p r e s e n t e d  by 
S m a l l  Hark  on Z - A x i s . Hel ium N u c le u s  i s  a t  Z ■ 0 .
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E l e c t r o n  D e n s i t y  a l o n g  I n t e r n u c l e a r  A x is  f o r  HeH+ . He l ium-  
C e n t e r  E x p a n s i o n  f o r  RAfi -  2 . 4 ,  2 . J .  P r o t o n  i s  R e p r e s e n t e d  by Sm al l  











E l e c t r o n  D e n s i t y  a l o n g  I n t e r n u c l e a r  A x is  f o r  HeH+ . Optimum 
E x p a n s i o n  P o i n t s  f o r  * 0 . 1 ,  0 . 2 ,  0 .3 *  P r o t o n  i s  R e p r e s e n t e d  by 
Sm a l l  Mark on Z - A x i s . He l ium  Atom i s  E s s e n t i a l l y  a t  Z = 0 .
ro
ELECTRON DENSITY 





E l e c t r o n  D e n s i t y  a l o n g  I n t e r n u c l e a r  A x i s  f o r  HeH+ . Optimum 
E x p a n s i o n  P o i n t s  f o r  R^g ■> 0.1+, 0 . 5 ,  0 . 6 .  P r o t o n  i s  R e p r e s e n t e d  by 
































TABLE X I I
RESULTS OF HELIUM-CENTER EXPANSION FOR HeH*
rab -(E-1+/Ra b ) E a
0 .1 li+. 066311 2 5 .9 3 3 6 8 9 2 .5 9 1 6 6 5
0 .2 13-3^8881+ 6.651116 2.1+33097
0 . 5 1 2 .60971*2 0 .723591 2.288616
0 . 1+ 11 .937838 - 1 .9 3 7 8 3 8 2.169706
0 . 5 11.31+81+33 -3.31+81+33 2 .073866
0 .6 10.836162 - 1+. 169^96 1.996766
0 . 7 1 0 . 390981+ -1+. 676699 1.931+606
0 .8 10.002881 - 5.002881 1.881+397
0 . 9 9 .6 6 3 0 8 7 - 5 .21861+3 1.81+3797
1 .0 9 .361+265 - 5 . 361+265 1 .811017
1 .1 9 .IOO3I+O -5-1+63977 I . 78I+617
1 .2 8.866295 - 5 .5 3 2 9 6 2 1 . 7651+1+7
1 -3 8.657961+ - 5 . 58 IOI+I 1.71+6557
1.1+ 8 . 1+71865 - 5 . 6 H+723 1 .733167
1 .5 8.305067 - 5 .6 5 5 0 8 7 1.722617
1 .6 8 .155087 - 5 - 6381+01 1 . 711+367
1 . 7 8 . 019801+ - 5.666863 1 . 7079I+7
1 . 8 7 . 897^06 - 5 . 675181+ 1.702998
1*9 7.786329 - 5.681066 1 .699197
2 .0 7.685227 - 5.685227 1.696297
2 . 5 7 .2 9 3 5 1 2 -5 .6 9 3 5 1 2 1 .689507
3 . 0 7.028322 - 5 - 691+989 1.687927
3-5 6 . 838m -5.695251+ 1.687577
l+.O 6 .6 9 5 3 0 2 -5 .6 9 5 3 0 2 1.6871+97
1+.5 6 .581+199 - 5 . 6953H 1.6871+97
5-0 6 . 1+95312 -5 .6 9 5 3 1 2 1.6871+97
5-5 6 .I+2258I+ -5 .6 9 5 3 1 2 1.6871+97
FIGURE 26
T o t a l  E n e rg y  a s  a F u n c t i o n  o f  I n t e r n u c l e a r  S e p a r a t i o n  f o r  




i s  - 5 . 6 9 6 . The c o r r e s p o n d i n g  e n e r g i e s  f o r  s e v e r a l  o t h e r  f i x e d  e x p a n ­
s i o n  p o i n t s  a p p e a r  i n  F i g u r e  27* We a g a i n  o b s e r v e  t h a t  no minimum 
o c c u r s  f o r  t h e  h e l i u m - c e n t e r  e x p a n s i o n  and t h a t  t h e  s p u r i o u s  minima 
a g a i n  o c c u r  f o r  t h e  f i x e d  o f f - c e n t e r  e x p a n s i o n s .  T h i s  f u r t h e r  e x e m p l i ­
f i e s  t h e  s t a t e m e n t s  p r e v i o u s l y  made c o n c e r n i n g  t h e  a n a l o g o u s  c a l c u l a t i o n s
j  j -
f o r  HeH . The optimum e x p a n s i o n  p o i n t s  f o r  i n t e r n u c l e a r  s e p a r a t i o n s  
up t o  2 . 0  a r e  g i v e n  i n  T a b le  X I I I .  From t h i s  T a b l e  we s e e  t h a t  t h e  
maximum opt imum e x p a n s i o n  p o i n t  ( a b s o l u t e )  o c c u r s  n e a r  R^g = 0 . 4 ,  w h ich
| j
i s  t h e  same a s  f o r  HeH . The maximum e n e r g y  improvement a l s o  o c c u r s  
n e a r  R. = 0 . 4 .AB
- j - j
We s e e  t h a t  t h e  p e r c e n t  e n e r g y  improvement  f o r  HeH g i v e n  i n  
T a b l e  X I I  i s  s l i g h t l y  more t h a n  t h e  improvement  f o r  HeH+  shown i n  T a b l e  
IV.
From t h e s e  t a b l e s  we a l s o  o b s e r v e  t h a t  f o r  R > 0 .3  t h e  optimum
e x p a n s i o n  p o i n t  i s  s l i g h t l y  f a r t h e r  f rom  t h e  h e l i u m  n u c l e u s  f o r  HeH+
| |
t h a n  f o r  HeH . T h i s  s h i f t  o f  t h e  e f f e c t i v e  n e g a t i v e  c h a r g e  c e n t e r  due 
t o  t h e  p r e s e n c e  o f  an  a d d i t i o n a l  e l e c t r o n  was a l s o  o b s e r v e d  i n  t h e  
e l e c t r o n  d e n s i t y  d i s c u s s i o n  and  seems c o m p a t i b l e  w i t h  t h e  g r e a t e r  b o n d ­
in g  c h a r a c t e r  o f  t h e  t w o - e l e c t r o n  bond .
(2)  7 = C141( l ) « 1(2)+C2 ( 2 ) -^ [ 4 1(1 )« 2 (2)+*2 ( 1 ) * 1( 2 ) ]
The e n e r g i e s  and optimum p a r a m e t e r s  o b t a i n e d  u s i n g  t h i s  wave 
f u n c t i o n  and t h e  h e l i u m  atom a s  t h e  e x p a n s i o n  p o i n t  a r e  g i v e n  i n  T a b le  
XIV and F i g u r e  2 8 .  The c o r r e s p o n d i n g  r e s u l t s  f o r  s e v e r a l  o t h e r  f i x e d  
e x p a n s i o n  p o i n t s  a r e  g i v e n  i n  T a b l e s  XV-XVIII and F i g u r e  2 9 .  From 
t h e s e  t a b l e s  we a g a i n  o b s e r v e  t h e  d i s c o n t i n u i t y  i n  t h e  e x p o n e n t  o f  t h e  
2pQ o r b i t a l .  T h i s  change  o c c u r s  a t  a  s l i g h t l y  s m a l l e r  v a l u e  o f  t h e
FIGURE 27
Total Energy as a Function of Internuclear Separation for
HeH+ with R = R./R.n * 0.1, 0.2, 0.3 and Y = *.(l)#1(2). 
o  1 AB
V
6 k
♦ ♦ ♦ ♦
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TABLE X I I I
RESULTS OF OPTIMUM EXPANSIONS FOR HeH+
r a b V r a b R 1 E A a
0 . 1 0 . 3 0 0 0 . 0 3 0 0 2 5 .859817 0 . 67^463
0 . 2 0 . 2 6 0 0 . 0 5 2 0 6 .459587 1 . 4 3 4 7 9 0
0 . 3 0 . 2 2 0 0 .0 6 6 0 0 .498634 1 .783999
0 . 4 0 . 1 9 0 0 . 0 7 6 0 - 2 . 1 5 5 3 0 0 1 .8 2 1 6 1 0
0 . 5 0 . 1 5 0 0 .0 7 5 0 - 3 - 5^1079 1.697555
0 .6 0 .1 2 0 0 . 0 7 2 0 - 4 .332606 1 . 5 0 5 2 3 0
0 . 7 0 .1 0 0 0 . 0 7 0 0 - 4 .811816 1 . 3 0 0 3 2 9
0 . 8 0 .0 8 0 o . o 64 o - 5 . H 3 2 2 1 1 .1 0 3 0 8 2
0 . 9 0 .0 6 5 0 . 0 5 8 5 - 5 .308156 0 .926339
1 .0 0 .0 5 5 0 . 0 5 5 0 - 5 .436717 0 .7 7 3 7 0 7
1 .1 0 .0 4 5 0 . 0 4 9 5 - 5 .522473 0 .642811
1 .2 0 .0 4 0 o . o 48 o - 5 . 5 8 0 0 3 6 0 .530932
1-3 0 . 0 3 0 0 . 0 3 9 0 - 5 . 6 1 9 1 6 5 0 .440334
1 .4 0 . 0 2 5 0 . 0 3 5 0 - 5-645592 0 .364371
1.5 0 .0 2 0 0 . 0 3 0 0 - 5.663335 0 . 3 0 0 2 2 6
1 .6 0 .0 2 0 0 . 0 3 2 0 - 5 . 675^56 0 . 2 4 9 7 7 0
1 .7 0 .0 1 5 0 . 0 2 5 5 - 5 . 6 8 3 5 8 6 0 . 2 0 8 5 2 1
1 .8 0 . 0 1 5 0 . 0 2 7 0 - 5 . 6 8 8 8 0 2 0 . 1 7 2 3 8 6
1*9 0 .0 1 0 0 . 0 1 9 0 - 5 . 6 9 2 2 4 8 0 .143611
2 .0 0 .0 1 0 0 . 0 2 0 0 - 5 . 6 9 4 6 7 9 0 . 1 2 2 9 8 9
a .  A  =  [ E f h e l i u m  c e n t e r )  -  E ( o p t i m u m ) !  x  100  x  h e l i u m  c e n t e r ) ]
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TABLE XIV 
RESULTS OF HELIUM-CENTER EXPANSION 
Y -  C1*1{ 1 )* 1(2)+C2 (2)"^[« i ( I ) * 2 (2)+«2 ( 1 ) * 1(2)3
r a b E a e cl c2
0 . 1 25 .836946 2.605200 5.422200 0 .997833 0.065802
0 . 2 6 .425884 2 .457000 4.285200 0 . 9919^ 0.126675
0 - 3 0 .4 22529 2 .313500 3.584400 0.984998 0.172568
0 . 4 -2 .270094 2.190900 3.120200 0 .978864 0.204513
0 . 5 -3 .6 8 4 3 4 0 2 .O898OO 2 . 7863OO 0.9 74106 0.226090
0 . 6 -4 .4 9 3 5 6 0 2.007500 2 .53 2 3 0 0 0 .970731 0 .240168
0 . 7 - 4.980749 1 .940200 2 .331400 0 .96 8 5 7 7 0 .248715
0 . 8 -5 .283046 1.885400 2 .168000 0.967441 0 .253098
0 . 9 -5 .4 7 3 5 6 9 1.840900 2.032700 0.967143 0.254235
1 .0 -5 .594064 1.804900 1.918700 0 .9 6 7 5 1 3 0.252823
1 .2 -5 .715881 1.752400 1.737100 0.969692 0.244329
1 .4 -5 .7 5 7 4 1 8 1.819600 1.601600 0.973088 0 .23 0 4 3 3
1 .5 -5 .763724 1.708600 1.545400 0 .974996 0.222222
1 .6 -5 -764828 1.700500 1 .497000 0.976980 0.213331
1 .8 -5 .7 5 8 7 8 4 1.689200 1.415200 0 .980974 0.194641
2 . 0 -5 .7 4 8 5 9 0 1.684000 1 .353100 0 .984480 0 .175497
2 . 5 -5 .7 2 5 2 8 8 1.681400 1.246900 0 .991306 0 .1 31577
3 . 0 -5 .711532 1.683200 1.192300 0 .995242 0.097431
3-5 -5 .7 0 4 3 8 6 1.684800 l .167400 0 .997331 0.073007
4 . 0 - 5.700666 1.685800 1.158700 0 .9 98433 0 .05 5 9 6 9
4 .5 -5 .6 9 8 6 4 7 1.686400 1.157700 0.999031 0 .044013
5 .0 -5 .697491 1.686700 1.159700 0 .999371 0.035449
FIGURE 28
T o t a l  E ne rgy  a s  a  F u n c t i o n  o f  I n t e r n u c l e a r  S e p a r a t i o n  f o r  
HeH+ w i t h  Y -  C1* 1 ( l ) « 1(2)+C2 ( 2 ) ' ^ [ * 1( l ) * 2 ( 2 ) + 4 2 ( l ) * 1( 2 ) ] .  E x p a n s io n  












HeH+ RESULTS FOR FIXED R , / R  = 0 . 1
1 AB
Y = C1» 1 ( 1 ) » 1 (2 )4 C 2 ( 2 ) ‘ * [ « 1 ( 1 ) » 2 ( 2 ) + » 2 ( 1 ) « 1 ( 2 ) ]
rab
E a e C1 C2
0 . 3 0 .4 3 4 1 8 4 2 . 3 1 9 9 9 9 3 .3 3 5 1 0 0 0 .992626 0 .121215
0 .6 - 4 .4 3 1 7 8 6 2 .0 0 0 0 0 0 2 .1 9 4 1 0 0 0 .9 8 7  9̂ 0 .154810
0 .9 - 5 - 3 7 4 1 4 0 I . 8 3 IOOO 9 .0 2 3 9 9 8 0 .9 9 9 3 7 6 0 .0 3 5 3 1 9
1 .2 - 5 .633869 1 .8 1 9 6 9 9 6 .720999 0 .9 9 7 9 2 4 0 .0 6 4 4 0 7
1-5 - 5.680702 1.641299 5 .4 0 0 3 9 9 0 .9 9 ^ 9 7 3 0 .1 0 0 1 4 3
1 .8 - 5 .6 5 7 6 9 2 1.590200 4 .571999 0 .9 9 0 1 2 4 0 .1 4 0 1 9 2
2 .1 - 5 .6 0 9 4 6 6 1 .545500 4 .0 1 5 0 0 0 0 . 9 8 3 5 1 7 0 .1 8 0 8 1 5
2 . 4 -5 .5 5 0 7 4 2 1 .505000 3 .623100 0 .9 7 5 5 9 7 O .219570
2 .7 - 5 .4 8 6 3 9 0 1 .4 6 6 9 9 9 3 .330100 0 .966827 0 .2 5 5 4 3 4
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TABLE XVI
HeH* RESULTS FOR FIXED R , / R ao = 0 . 2I AB
¥ = C1» 1( 1 ) « 1(2 )+C 2 ( 2 ) " * [ » 1 ( 1 ) « 2 ( 2 ) + « 2 ( I ) * 1( 2 ) 3
r a b E a e C1 c s
0 .3 0 . 4 7 1 3 2 4 2 .3 1 7 9 9 9 2 .9 4 3 0 0 0 0 .9 9 7 9 3 4 0 .0 6 4 2 4 8
0 .6 - 4 . 3 8 0 7 0 8 1.982000 9 . 764998 0 . 9 9 9 4 0 8 0 .0 3 4 4 1 5
0 .9 - 5 . 2 9 6 1 4 6 1.760500 6 .329099 0 .996825 0 .079625
1 .2 -5 - 4 5 9 7 8 4 1.606999 4 .801099 0 .990388 0 .1 3 8 3 1 4
1 .5 - 5 - ^ 1 2 7 5 9 1 .4 9 1 2 0 0 3.786200 0 . 9 7 9 3 1 6 0 .2 0 2 3 3 7
1 .8 - 5 .296086 1 .3 9 8 4 0 0 3 .213000 0 .9 6 4 4 8 9 0 .2 6 4 1 2 3
2 .1 - 5 . 1 5 4 2 7 7 1 .3 1 9 7 9 9 2 .8 2 7 1 0 0 0 . 9 4 7 8 5 9 0 .3 1 8 6 8 9
2 . 4 - 5 . 0 0 3 6 8 5 1 .2 5 1 0 9 9 2 .5 4 7 1 0 0 0 .9 3 0 9 9 4 0 .365035
2 . 7 - 4 . 8 5 1 4 2 4 1 .188999 2 . 3 3 3 0 9 9 0 .9 1 4 9 6 9 0 .403525
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TABLE XVII
HeH+ RESULTS FOR FIXED = 0 . ?
1 " C1l 1( l ) » 1(2)+C2(2 ) ‘*C«1( l )» 2 (2)+«2( l ) » 1(2)]
rab
E at B C1 °2
0 . 3 0 .4 8 8 9 5 1 2 .3 1 0 4 9 9 14 .551998 0 .999910 0 .013401
0 .6 - 4 .263698 1 .932099 6 .9 3 3 9 9 9 0 .998227 0 .0 5 9 5 1 4
0 . 9 - 5.073860 1.675200 4 .5 5 9 0 9 9 0 .9 9 1 4 3 3 0 .1 30615
1 .2 - 5 .1 4 8 4 5 0 1 .493000 3.458100 0 .9 7 7 2 7 7 0.211966
1 .5 - 5 .0 2 4 0 8 5 1 .354899 2.839000 0 .9 5 7 1 2 7 0.289668
1 .8 - 4 .8 3 9 4 0 7 1 .244199 2 .4 4 4 0 9 9 0 .93 4 3 8 9 0 .3 5 6 2 5 3
2 .1 - 4 .6 3 8 9 3 5 1.152899 2 .166200 0 .91 1 7 3 1 0 .4 1 0 7 8 8
2 . 4 - 4.439250 1.073100 I . 9 58 IOO 0.890966 0 .4 5 4 0 7 0
2 . 7 - 4.247198 1.008500 1.794200 0 .8 7 1 9 4 8 0 .4 8 9 5 9 9
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TABLE X V III
HeH+ RESULTS FOR FIXED R , / R An -  0 . 41 AB
* =  C 1 * 1 C D « 1 ( 2 ) + C 2 ( 2 ) ' ^ C « 1 ( 1 ) * 2 ( 2 ) + * 2 ( 1 ) » 1 ( 2 ) ]
rab
E ot e c i C2
0 .5 0 .548408 2 . 2 8 9 4 9 9 6 .745099 0 .999071 0 .0 4 5 0 8 6
0 . 6 - 4 . 1 0 5 4 8 2 1.878899 4 .272199 0 .992588 0 .1 2 5 1 4 8
0 .9 - 4 . 8 5 4 7 4 6 1.599100 5.195000 0 .976946 0 .2 1 5 4 8 6
1 .2 - 4 .8 4 5 5 9 0 1.400100 2 .599100 0.954292 0 .298876
1 . 5 -4 .6 6 5 5 1 1 1.251500 2 .215100 0 .927865 0 .5 7 2 9 1 7
1 . 8 - 4 .459251 1 .154299 1 .945100 0 .9 01056 0 .4 5 5 7 4 4
2 . 1 - 4 .208125 1 .0 5 9 4 9 9 1.741100 0 .875604 0 .4 8 5 0 5 0
2 . 4 - 5 .9 8 7 1 4 2 0 .960100 1.582200 0 .852777 0 .522275
2 . 7 - 5 . 7 8 H 99 0 .895500 1.452100 0 .8 5 2 5 0 8 0 .5 5 4 5 1 4
FIGURE 29
T o t a l  Energy  a s  a F u n c t i o n  o f  I n t e r n u c l e a r  S e p a r a t i o n  f o r  
HeH+ w i t h  Rq « Rl /Rab = °*1» ° - 2 . ° * 3 ,  and Y = C1# 1( l ) * 1(2 )  + 
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i n t e r n u c l e a r  s e p a r a t i o n  t h a n  f o r  HeH . The q u a l i t a t i v e  e x p l a n a t i o n
| f-
i s  e s s e n t i a l l y  th e  same a s  g i v e n  f o r  HeH e x c e p t  t h a t  f o r  R^g l a r g e r  
t h a n  t h e  c r i t i c a l  v a l u e  th e  d e s c r i p t i o n  now i s  a n e u t r a l  h e l i u m  a tom 
p e r t u r b e d  by a  p r o t o n .  For  a  f i x e d  v a l u e  o f  ch e e l e c t r o n i c  r e ­
p u l s i o n  t e rm  a p p a r e n t l y  a l l o w s  t h e  p - o r b i t a l  t o  s h r i n k  f u r t h e r  t h a n  
f o r  t h e  o n e - e l e c t r o n  c a s e ,  p re s u m a b ly  due  t o  d e c r e a s e d  r e p u l s i o n  when 
t h e  two o r b i t a l s  have  g r e a t l y  d i f f e r e n t  e x p o n e n t s .
We a l s o  o b s e r v e  a s  b e f o r e  t h a t  t h e  e n e r g y  v a l u e s  a r e  a lw ays  
lo w er  f o r  t h e  h e l i u m - c e n t e r e d  e x p a n s i o n  t h a n  f o r  any  o f  t h e  o t h e r  d i s ­
t a n t  f i x e d  e x p a n s i o n  p o i n t s .  The optimum e x p a n s i o n  p o i n t s ,  a g a i n
d e t e r m i n e d  t o  be q u i t e  s m a l l ,  a r e  g i v e n  i n  T a b le  XIX. Comparing th e
|
r e l a t i v e  e n e r g y  Improvement g i v e n  h e r e  w i t h  t h a t  g iv e n  f o r  HeH in  
T a b le  IX, we s e e  t h a t  t h e  o p t i m i z e d  e x p a n s i o n  p o i n t  p r o v i d e s  more im- 
p rovem ent  f o r  HeH t h a n  f o r  HeH . T h i s  a p p e a r s  t o  s u b s t a n t i a t e  t h e  
rem arks  p r e v i o u s l y  made c o n c e r n i n g  t h e  a d d i t i o n  o f  p c h a r a c t e r  t o  t h e  
s - o r b i t a l  by a n  o f f - c e n t e r  e x p a n s i o n .  F o r  a  g i v e n  i n t e r n u c l e a r  s e p a r a ­
t i o n  t h e r e  i s  more p c h a r a c t e r  i n  th e  wave f u n c t i o n  f o r  HeH*" th a n  f o r  
HeH+ + , so  we m ig h t  e x p e c t  a s m a l l e r  e n e r g y  improvement by moving th e  
e x p a n s i o n  p o i n t  away from t h e  h e l i u m  a tom .
The c o m p ar i so n  o f  t h e s e  r e s u l t s  w i t h  t h o s e  o f  M atsen  i s  g iv e n
i n  T a b le  XX and F i g u r e  30* F ° r  Rah^ ' 5 t h e  h e l i u m - c e n t e r  v a l u e s  were
AB
u sed  and f o r  R. o f  0 . 5  end l e s s  t h e  e n e r g y  i s  t h a t  o b t a i n e d  f rom  th e  
AB
optimum e x p a n s i o n  p o i n t s .  We see  from F i g u r e  30 t h a t  t h e  two te rm  
wave f u n c t i o n  p r e d i c t s  a  b r o a d e r  p o t e n t i a l  w e l l  t h a n  t h a t  o f  Matsen  
and th e  l a r g e s t  e r r o r  o c c u r s  n e a r  th e  minimum. M atsen  used  t h e  h e l i u m  
atom a s  t h e  e x p a n s i o n  p o i n t  i n  a  o n e - c e n t e r  e x p a n s i o n  o f  32 t e rm s  co n ­
s i s t i n g  o f  S l a t e r - t y p e  o r b i t a l s .  I t  i s  a g a i n  u n f o r t u n a t e  t h a t  more d a t a  
a r e  n o t  a v a i l a b l e  f o r  c o m p a r i so n  a t  i n t e r n u c l e a r  s e p a r a t i o n s  where  t h e  
o f f - c e n t e r  e x p a n s i o n s  a r e  o f  t h e  g r e a t e s t  v a l u e .
TABLE XIX 
HeH+ - DATA FOR OPTIMUM EXPANSIONS 
Y = C1»1( l ) t 1(2)+C2 ( 2 ) ' i [ J 1( l ) y 2 ) + » 2 ( l ) » 1( 2 ) ]
R V rab R1 a 3 c i C£ E A*
0 .1 0 .1000 0 .0100 2.610200 5.389100 0.998947 0.045888 25.834667 0.016082
0 . 2 0.0375 0.0750 2.461700 4.228400 0 .993593 0.113013 6.424406 0.010880
0 . 3 0.0175 0.00425 2.316400 3.551000 0.986479 0.163885 0.421710 0.006843
0 .4 o .00925 0.00370 2 . 192700 3.093200 0.979949 0.199249 -2 .270429 0.002730
0 .5 0.00525 0.001625 2.190500 2 . 7777OO 0.974623 0.223853 -3-684405 0.000548




COMPARISON OF RESULTS FOR HeH+
R PRESENT WORK MATSEN3 AEb AC
0 . 1 2 5 .8 3 ^ 6 6 7 + 2 5 .7 3 5 4 2 O .09925 0 . 6 9 5 7 8
0 . 5 - 3 . 6 8 4 4 0 5 t - 3 . 8 6 4 6 8 0 .08027 0 . 6 7 6 5 4
1 . 0 - 5 • 594-064+ - 5 . 7 9 1 0 2 0 .19696 2 .0 1 1 6 4
1 .4 - 5 - 7 5 7 ^ 1 8 * - 5 . 9 3 8 1 6 0.18074 2 .0 5 4 9 6
a .  See r e f .  6 .
b .  AE = E ( p r e s e n t  work)  - E ( M a t s e n ) .
c .  A = AE x  100 x  [ 4 / R ATJ - E(Matsen)")AB
t  Optimum E x p a n s i o n .
♦ H e l ium  C e n t e r .
FIGURE 50
C o m p ar i so n  o f  E n e r g y  R e s u l t s  f o r  ¥ = 4 ^ ( l ) $ ^ ( 2 ) ,  I n d i c a t e d  by 
© i n  t h i s  F i g u r e ,  and  ¥ = 1 )$^ (  2 ) + ( 2  ) 1 )$2 ( 2 ) + 4 g ( 1 ) $ ^ ( 2 ) ] ,









We have seen that for a single STO the extent of the energy im­
provement is certainly worth the small amount of additional work required
to obtain the optimum expansion point. As the number of terms in the 
wave function is increased, it becomes more difficult to find the 
optimum expansion point and the reward in energy improvement becomes 
discouraging. For many-term wave functions it is probably preferable 
simply to expand about the heavier nucleus. Of course, for molecules 
of high enough symmetry, the best expansion point would rigorously be 
the heavy atom.
One rather encouraging observation concerning one-center ex- 
-H-pansions for HeH is the accuracy with which the dipole moment is pre­
dicted. The amount of effort required to obtain an energy comparing
favorably with an LCAO centered on the various nuclei appears to be
considerably greater than that needed for reliable dipole moments, if 
HeH can be taken as a guide.
The trend in current literature appears to be away from highly 
accurate techniques and more toward methods of decreasing the mathema­
tical difficulty of the calculations. Until someone develops the "cor-
I
rect" method of performing quantum mechanical calculations, the one- 
center expansion technique seems to be something of a compromise. The 
mathematical problems are certainly simpler than those of other methods 
and the idea is not unrealistic for some types of molecules.
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II. NEAREST-NEIGHBOR LATTICE STATISTICS
A. INTRODUCTION
Exact statistical calculations of thermodynamic properties 
of two- or three-dimensional fluids have never been obtained over the 
entire density range. As a result, numerous studies have been devoted 
to mathematically simpler models of the fluid state. One of these 
which has met with considerable success over the past forty years is 
the "lattice gas" model. This model was first introduced by Ising^ 
in 1925 to study ferromagnetism in solids and is often referred to as 
the "Ising Model". The term "lattice gas" is the notation used to 
designate a model system consisting of "molecules" residing not more 
than one per site to a set of discrete and distinguishable locations, 
or sites. The "molecules" may assume whatever characteristics neces­
sary in order to approximate the system being studied. In the ferro­
magnetism problem they represent spin orientations.
It is usual to limit interactions in lattice gases to short- 
range forces, often with range no greater than the distance between 
nearest neighbors. If these forces are of infinite repulsion the model 
is called a hard molecule lattice gas. These are the only forces con­
sidered in the present work. The hard molecule lattice gases have been 
popular in the '6 0's as likely models for the melting phenomenon, 
whereas earlier work with attractive interactions seemed to correspond 
more closely to a gas-liquid equilibrium.
An important question in the model calculations is the order 
of the transition. If a singularity occurs in
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£)P' ' S / N
and
t S j ) i  *  V/N
at the transition this is denoted a first-order transition. If the 
above are continuous at the transition but their derivatives (heat 
capacity and compressibility) are singular, then the transition is 
second-order.
These systems have been studied by approximate methods and 
by formally exact methods, such as the series approach of Gaunt and
35 36Fisher , and the exact finite method (EFM) of Runnels . Runnels and 
Combs published results for the square and triangular lattice^ and 
Runnels, Combs, and Salvant^ have recently had accepted for publica­
tion results for the honeycomb (or hexagonal) lattice, all with in­
finite nearest-neighbor repulsions. A reprint of Runnels and Combs 
is included as Appendix IV. The heart of EFM is the matrix approach to 
the grand ensemble partition function which will now be clarified and 
illustrated.
B. MATRIX METHOD
An u n d e r s t a n d i n g  o f  t h e  p r o c e s s  i n v o l v e d  c a n  be g a i n e d  by c o n ­
s i d e r i n g  a  tw o-co lum n  s q u a r e  l a t t i c e  shown i n  F i g .  3 1 •  We w i l l  r e p r e s e n t  
t h e  o c c u p i e d  s i t e  by a 1 b i t  and  t h e  empty s i t e  by a n  O b i t .  F o r  i n f i ­
n i t e  n e a r e s t - n e i g h b o r  r e p u l s i o n  t h e r e  a r e  t h e n  t h r e e  p o s s i b l e  a r r a n g e ­
m en ts  o f  t h e  f i r s t  row,
00 , 10, 01 .
N e g l e c t i n g  c h e m i c a l  p o t e n t i a l  e a c h  a r r a n g e m e n t  w i l l  have  t h e  same a 
p r i o r i  p r o b a b i l i t y  o f  e x i s t e n c e .  ( T h i s  c o r r e s p o n d s  t o  z e r o  f i e l d  i n  t h e  
m a g n e t i c  a n a l o g . )
The p o s s i b l e  a r r a n g e m e n t s  o f  t h e  second  row w i l l  depend  on t h e  
s t a t e  o f  t h e  f i r s t  row .  For  e x a m p l e ,  i f  a  m o l e c u l e  o c c u p i e s  s i t e  A, 
t h e n  a n o t h e r  m o l e c u l e  may n o t  occupy  s i t e  C b u t  may occupy  s i t e  D. The 
p o s s i b l e  a r r a n g e m e n t s  o f  t h e  s ec o n d  row f o r  e a c h  p o s s i b l e  a r r a n g e m e n t  
o f  t h e  f i r s t  row i s  t h e n  g i v e n  by
f i r s t  row 0 ,  0 1 , 0  0 ,  1
second  row 0 0 ,  1 0 ,  01 0 0 ,  01 0 0 ,  10.
T h i s  c a n  be r e p r e s e n t e d  a s  a  m a t r i x  o f  e l e m e n t s ,
0 i f  i  and j  a r e  n o t  c o m p a t i b l e
M. , “
1 1 i f  i  and  j  a r e  c o m p a t i b l e ,
i f  we l e t  00  be s t a t e  1 ,  10 be s t a t e  2 and  01 be s t a t e  3- The m a t r i x
i s  t h e n
1 2 3
The m a t r i x  row 1 i s  s t a t e  1 f o r  t h e  f i r s t  row o f  t h e  l a t t i c e ,  m a t r i x  
column 1 i s  s t a t e  1 f o r  t h e  s e c o n d  row o f  t h e  l a t t i c e ,  and so on .  The
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t o t a l  p o s s i b l e  number o f  a r r a n g e m e n t s  f o r  t h e  two rows i s  g i v e n  by
I f  we c o n s i d e r  t h e  e x t e n s i o n s  t o  t h e  t h i r d  row,  we s e e  t h a t  
t h e  m a t r i x  r e p r e s e n t a t i o n  may be d e t e r m i n e d  by s q u a r i n g  t h e  p r e v i o u s  
m a t r i x  (E q .  5 ) -  l a  g e n e r a l ,  (Jt£n ) j j  i-s t h e  number o f  ways t h e  ( n + l ) S t  
row c a n  be j  i f  t h e  f i r s t  row i s  i .  The t o t a l  number o f  p o s s i b l e  a r ­
r a n g e m e n t s  i s  t h e n  g i v e n  by
w '  t y S j
To o b t a i n  a s u i t a b l e  r e p r e s e n t a t i o n  o f  a  r e a l  s y s t e m ,  n s h o u ld  
be v e r y  l a r g e  and  r a i s i n g  t h e  m a t r i x  t o  su ch  a  l a r g e  power c o u l d  become 
q u i t e  u n t i d y .  However ,  i f  i t  c a n  be a r r a n g e d  so  t h a t  o n l y  t h e  d i a g o n a l  
e l e m e n t s  had  t o  be e x p o n e n t i a t e d  t h i s  would be s u i t a b l e  t o  p r a c t i c a l  
c a l c u l a t i o n s .  T h i s  c a n  be a c c o m p l i s h e d  by means o f  a  s i m i l a r i t y  t r a n s ­
f o r m a t i o n :
M * R A R ^ , w here
A j O . A
Then M2 i s  g i v e n  by
M2 -  R A R’ 1 R A R ' 1^  ^  M W M
o r  i n  g e n e r a l
Mn -  R A" R " 1 ,  6
w h ic h  i s  o f  t h e  d e s i r e d  fo r m .  The t o t a l  number o f  p o s s i b l e  a r r a n g e m e n t s  
i s  now g i v e n  by
W -  i S j (RAnR " l ) i j  . . . .  T
and t h e  e n t r o p y  i s  g i v e n  by t h e  B o l tzm ann  e q u a t i o n
S « klnW, w here  k i s  B o l t z m a n n ' s  c o n s t a n t .
8 3
F u r t h e r  s i m p l i f i c a t i o n  i s  p o s s i b l e ,  a s  s e e n  by c o n s i d e r i n g  a
p o r t i o n  o f  Mn :
n . An 0 VRii Rî
~  \  21 R?;yV^ X2 ^ 2 1  *22/
R11 k l  RU  + R12 X2 Re! R11 k l  R‘l2 + R12 X2 ^
Ral X1 R11 + R2? X2 R21 Rwl X1 R12 + R22 X2 R22
Thus we c a n  w r i t e  E q .  7
W -  Of X" +  p X^,
w h e re  0 f and P a r e  c o n s t a n t s  o b t a i n e d  i n  t h e  sum m at ion .  Now i f  n i s  
v e r y  l a r g e ,  e v e n  a  s m a l l  d i f f e r e n c e  i n  X^ and X^ ( w i t h  X^ t h e  l a r g e r ,  
f o r  e x am p le )  means t h a t  X^ X”  so X”  may be n e g l e c t e d  i n  c o m p a r i s o n  
w i t h  X". We t h e n  have  
W -  cif x “ .
However ,  t o  o b t a i n  t h e  e n t r o p y  we a r e  i n t e r e s t e d  o n l y  i n  In  W, g i v e n  by 
I n  W » I n  Of + n I n  X^. . . . .  8
B u t ,  I n  Of ■ 0 ( l )  and  i f  n i s  v e r y  l a r g e ,  In  Of may be n e g l e c t e d .  We th e n  
h a v e
I n  W = n  I n  X j ,
so  t h a t  t h e  e n t r o p y  ( a t  z e r o  c h e m i c a l  p o t e n t i a l )  i s  g i v e n  by
S * n k  I n  X^; . . . .  9
a l l  o t h e r  the rm odynam ic  p r o p e r t i e s  a r e  o b t a i n a b l e  f rom  t h e  e n t r o p y  f o r  a 
s y s t e m  o f  h a r d  m o l e c u l e s .  I n  g e n e r a l ,  t h e n ,  t h e  p ro b le m  i s  r e d u c e d  t o  
f i n d i n g  t h e  l a r g e s t  e i g e n v a l u e  o f  t h e  m a t r i x .
We m us t  now c o n s i d e r  t h e  c h e m i c a l  p o t e n t i a l ,  p.. The a c t i v i t y  
i s  g i v e n  by
. . . . 1 0
which  i s  p r o p o r t i o n a l  t o  t h e  a  p r i o r i  p r o b a b i l i t y  o f  a  s i t e  c o n t a i n i n g
Qk
a m o l e c u l e .  I f  t h e  c h e m i c a l  p o t e n t i a l  i s  v e r y  l a r g e  o r  t h e  t e m p e r a t u r e  
v e r y  s m a l l ,  t h e  p r o b a b i l i t y  o f  a  s i t e  c o n t a i n i n g  a  m o l e c u l e  w i l l  be 
l a r g e  and  s t a t e s  2 and 3 m e n t io n e d  p r e v i o u s l y  w i l l  be f a v o r e d .  The 
m a t r i x  w i l l  h a v e  t o  be m o d i f i e d  a c c o r d i n g l y  and f o r  t h e  f i r s t  and  second  
row d e s c r i p t i o n  we h ave
c o n s i d e r e d  c l o s e d  s o  t h a t  we h a v e  t h e  c y l i n d e r  c o n v e n t i o n  o f  O n sa g e r  a s  
i l l u s t r a t e d  i n  F i g .  2 o f  A pp en d ix  IV. F o r  t h e  two column l a t t i c e  p r e ­
v i o u s l y  m e n t i o n e d ,  t h e  s t a t e s  10 and 01 would  t h e n  be c o n s i d e r e d  e q u i ­
v a l e n t .  I t  i s  a l s o  n e c e s s a r y  t o  p e r f o r m  t h e  c a l c u l a t i o n s  f o r  l a t t i c e s  
w i t h  a s  l a r g e  a  w i d t h  ( c i r c u m f e r e n c e )  a s  f e a s i b l e ,  i n  o r d e r  t o  i n f e r  t h e  
b e h a v i o r  o f  t h e  t h e r m o d y n a m i c a l l y  s i g n i f i c a n t  s y s t e m  i n f i n i t e  i n  b o th  
d i m e n s i o n s .  A s s i s t a n c e  h e r e  i s  o b t a i n e d  by a s s i g n i n g  l o g i c a l  t a s k s  t o  
t h e  c o m p u t e r ,  and  by t a k i n g  a d v a n t a g e  o f  t h e  c y l i n d r i c a l  sym m etry .  The 
l a r g e s t  e i g e n v a l u e  o f  t h e  s y m m e t ry - r e d u c e d  m a t r i x  i s  t h e n  d e t e r m i n e d  
n u m e r i c a l l y  and  t h e  the rm odynam ic  q u a n t i t i e s  o f  i n t e r e s t  c a l c u l a t e d .
M - •  •  •  * 11
A f u r t h e r  r e f i n e m e n t  i s  made i f  e ach  row o f  t h e  l a t t i c e  i s
C . RESULTS
1. Square Lattice
The thermodynamic properties of interest for the square lattice 
gas are shown in Figs. ^>-10 and Table 1 of Appendix IV. In Table I are 
also shown the extrapolated (circumference °°) values of p./kT, p/kT,
Cp/k and the transition point densities. Some uncertainty enters into 
these extrapolations and it is difficult to ascertain the order of the 
transition. But, as mentioned in part IV of Appendix IV, the weight of 
the evidence is for a transition of second order at a relative density 
of 0.7^2.
2. Triangular Lattice
Fig. 11 of Appendix IV shows how the triangular lattice was 
transformed into a square lattice with extra "bonds". Molecules are 
restricted to occupying only those sites which are not connected by 
"bonds". The results for this lattice are given in Table II and Figs. 
12-19. We again come to the conclusion that the transition occurring 
at a relative density of 0 .837 1® probably of second order as discussed 
in part V of Appendix IV.
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APPENDIX I
CALCULATION OF THE MATRIX ELEMENTS FOR HeH*"*"
The te rm  to  be e v a l u a t e d  i s
Hn  -  ■••• 1
where
The k i n e t i c  te rm  i s  e a s i l y  e v a l u a t e d .  The L a p l a c i a n  o f  4^ i s
7 2 4 x -  ( a 5 / r r ) 1^2 [ - 2 a r ~ 1-K*2 ] e * a r   2
and
* 1V2 * 1 * ( a 5/TT)[-2or_1-K̂ 2 ] e ‘ 2° r .  3
The i n t e g r a l  t o  be e v a l u a t e d  f o r  t h e  k i n e t i c  e n e r g y  t e rm  i s  t h e n
< 4 1 |-V 2 | 4 1 -  ( a 5/Tr)J^J2TTJ ^ [-2 a r * 1e ”2ar+a2 e ‘ 2 a r ] r 2 dr dtp s in  0d0
-  -J4a5C - J ^ 2 a e ' 20frr d r + J ^ a 2 e " 2Q,rr 2d r ] .   h
it j P00 - a r  n j  i / n+1 .U s in g  J Qe r  d r  * n l / a  , we have
< « x | - 72 | 4 1> = -i+a^[-2a/4<y2+2a2 / 8 a 5] -  a 2 .  5
F o r  t h e  e l e c t r o s t a t i c  p o t e n t i a l  t e rm s  t h e r e  a r e  t h r e e  r e g i o n s  t o  c o n s i d e r ,  
u s i n g  o n l y  t h e  Vq t e r m .  The f i r s t  r e g i o n  i s  f o r  r<R and h e r e  we have
^ i K I V  -  / > i ( U R - 11+2R- 1 ) 4 1r 2 d rJ‘f d ^ s i n  0d0
-  - 16o 5 r " 1 rR l e ’ 2 a r r 2d r - 8 a 2R" 1̂J'R l e " 2 a r r 2d r1 J o  2 J o
-  2 e -2a® 1Rx 1[l40r2 R1+l«yR1+ 2 ] - 4 R ' 1
+  e _^ffRlR^1[J+Q(2R2+UaR1+23 - 2R” 1 .  6
The second  r e g i o n  i s  f o r  Rx<r<R£ and h e r e
86
87
< i 1 | - V ()| t 1> -  - J ^ » 1 (lt r - 1+2R‘ 1 ) * 1r 2 d rJ ’̂ % J " s i n e d 0  
= - l&»5J « 2 e - 2“ r r d r - 8 c , 5R - ^ e - ^ r ^ r
« Ote ~2aR2 ( 12«R2+8 )+2e ' 2&R2 r ^  1 - 1+ofe"2aRl  ( 2 0 ^ + 1 )
- e " 2CrtllR“ 1 (i+a2 R^+iKrtl1+ 2 ) .  7
The l a s t  r e g i o n  i s  f o r  r>R2> The e l e c t r o s t a t i c  p o t e n t i a l  te rm
i n  t h i s  r e g i o n  i s
<4.|-V | v . >  =  -  f!° i , 6 r  r 2 d r  ^ ^ d c p r ^ s i n f l d ©I 1 o 1 J R ^ l  1 J o  ^ o
* - 6 a e ' 2aR2(2oR2+ l ) .  . . . .  8
The r e s u l t s  o f  th e  i n t e g r a t i o n s  i n  t h e  t h r e e  r e g i o n s  may now
be combined t o  g iv e
<i | -V  |« .>  = 8a2R1e _2CyRl+ 8 a e~ 2 a R l (Ue"2aR lR‘ 1-4 R " 1 )1 1 o ' 1 1 1 1
+ e " 2®R 1R*1[  i+a2R2+4aR t +2 ]  - 2R~1 - e " 2ffRlR~1 [  ̂ R ^ + i + a R  ̂ +2 ]
+ iKye'2Q?R2C2aR2+ l ] - 4 a e " 20fRl[2QrR1+ l ]
+ e ' 2aR2R2 1[Ua2R2+UaR2+ 2 ] - 6 o e " 2aR2C2aR2+ l ] .  ------ 9
A f t e r  s i m p l i f y i n g  t h e  above  and i n c l u d i n g  t h e  r e s u l t s  o f  t h e  o t h e r  te rm s  
o f  t h e  H a m i l t o n i a n ,  we h a v e  t h e  r e s u l t :
Hu  = a 2+ ^ e " 2 a R l C04-R^1] + 2 e " 2£>R2[cH-R2 1]- l fR "1-2R2 1+ l f R ^ .   10
The s ec o n d  m a t r i x  e l e m e n t  t o  be e v a l u a t e d  i s
HSS -  <* 2 ^ - ^ 1 - 2 r 'B1* ^ M ^ S > - • • • -U
where
$2 = ( P ^ / n J ^ ^ r  cosQe ^ r . . . . . 1 2
88
The k i n e t i c  e n e r g y  i n t e g r a l  i s  e a s i l y  e v a l u a t e d  to  g i v e
<*2 1-?2 U 2> “  P2 . • •■•13
For  t h e  e l e c t r o s t a t i c  p o t e n t i a l s  we now need  t o  c o n s i d e r  t h e  Vq and 
t e r m s .  In  t h e  f i r s t  r e g i o n  ( r ^ t ^ )  t h e  i n t e g r a l  becomes
<cp2 | - v 0 - v2 i i 2> * - 2 p 5J’̂ l if ^ e ' 2 P r r 2 c o S2 0C4R*1(2R^1+ ( 2 r 2R ^ + r 2R‘ 3 )
• ( 3 co s2 0 - 1 ) r 2 s i n 0 d r d 0  
» - 2 0 ^ [ ( 8 / ^Rj+l^/ JR2 )J ^ Xe~2^ r r ^ d r
+ ( l 6 / 15Rj+8 / 15R | ) J ' ^ 1e ' 2 e r r 6d r ] .  ------ U
These  I n t e g r a l s ,  i n  g e n e r a l ,  a r e  g iv e n  by
j e  a x x ndx ■ ( - e  a x / a n+^ ) [ ( a x } n+ n ( a x ) n * n ( n - l ) ( a x ) n 2+ . . . + n ! ] . . . 1 5  
F o r  p u r p o s e s  o f  s i m p l i f i c a t i o n  we h e r e  i n t r o d u c e  a  new n o t a t i o n .  We
It
w i l l  d e s i g n a t e  t h e  p o ly n o m ia l  p a r t  o f  t h i s  r e s u l t  by where  j  i s  th e
o r d e r  o f  t h e  p o ly n o m ia l  and k i s  1 i f  R^ i s  in v o lv e d  and 2 i f  R^ i s  
p r e s e n t  i n  t h e  p o l y n o m i a l  a s  x a b o v e .
F o r  e x am p le ,  we w r i t e
J ^ l e ‘ 2 0 r r \ i r  -  - e ‘ 2p R l ( 5205 ) ’ 1Aj+2^ / 5205 . ------16
The e l e c t r o s t a t i c  p o t e n t i a l  p o r t i o n  o f  H^2 i n  t h e  f i r s t  r e g i o n  ( r ^ ^ )  
i s  t h e n  g i v e n  by:
<*2 | - V o-V2 I*2> -  - 2 0 5 [ ( 8 / 3 R 1+^/3R2 ) ( - e " 2 e R l ( 3 2 0 5 ) " 1A j+ 2 4 /5 2 0 5}
+ ( 1 6 / 15RJ+8 / 15 r | ) t - e ' 2PR1 ( 12807 )■ l k \+ h '? l807 } ] .
 1 ?
T h i s  s i m p l i f i e s  t o
“ e'2pRl(6R1)'IAj-4R’1-2R21+e"2pRl(l2R2)"1A^
+ e " 2pRl ( 6OR^02 ) ~1Ag+e"2pRl ( 120R|p2 )Ag 
- 12 ( R^02 ) ~1- 6 ( Rgp2 ) " 1 •  18
8 9
The s ec o n d  r e g i o n  t o  c o n s i d e r  i s  f o r  R ^ < r ^ . g .  The i n t e g r a l
h e r e  i s
<4 |- V  -V p l$ p >  ■ 2 ^r r 3d r j ^ c o s 2 0 s in 0 d 0
2 '  o 2 '  2 J Ri
+ J ^ 22R "1e " 2 P r r i+d r J ^ c o s 2 0sin0d&+-J’̂ 26R2 e " 2 ^ r r d r J ' ^ c o s 2 e s i n e d 0
+j’̂ 2 R_ 5e"2 ^r r 6d r J ^ c o s ^ 0 s in 0 d 0 -J ^ 2 2R2 e ‘ 2 ^ r r d r J ^ c o s2 0 s in 0 d 0
- J ^ 2 r  2 ^ r r ^drJ*^cos2 0 s in 0 d 0 3  • . . . , 1 9
<*2 | - V q -V2 | 4 2> -  l / 5 0 e " 2pR2 A | - l / 3 0 e " 2 e R lA ^+ 8 /15P 3R^e"20R2(2PR2+ l )
- 8 / 15&3R^e~2 p R l (2pR1+ l ) + e " 2eR2(12R2 ) " 1A2
- e " 2 p R l ( 12R2 )* LA j+ e _2PR2(12OR302 ) " La|
_e " 2 ^R l ( i 2 O R |0 2 ) - 1 Ag. ------ 20
The l a s t  r e g i o n  t o  c o n s i d e r  i s  f o r  r>R£ . The e l e c t r o s t a t i c  
p o t e n t i a l  t e r m  o f  H22 i n  t h i s  r e g i o n  i s
< 4£ l - v o -V2 l 4 2> -  - 2 0 5 [ J ^ 2 6 e ' 2 P r r 3d r J ^ c o s 2 0 s i n 0 d 0
,2 - 2 0 r  , r iT 4,+f°° 6R e r d r f ^ c o s  0 s i n 0 d 0  J Ro J or2
+ J ^  3R2 e 2 ^ r r d r j ^ c o s ^ 0 s i n 0 d 0
2R2 e " 2 ^ r r d r r TTc o s 2 0 s i n 0 d 0  
« R2 0 0
-J*^ R2 e 2 ^ r rd r j* ^ c o s2 0 s in 0 d 0 3  . . . . 2 1
<*2 1-V0 -V2 | 4 2>  -  - l / 2 0 e " 2PR2A | - l 6 / 1 5 R ^ R 2PUe " 2&R2- 8 / l 5 0 3R i e " 2pR2
- 8 / 150^R3e ' 2pR2- U / 1 5 0 3R2 e ' 2 p R 2 . ------ 22
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The t o t a l  e l e c t r o s t a t i c  p o t e n t i a l  c o n t r i b u t i o n  i s  o b t a i n e d  by 
c o m b in in g  t h e  i n t e g r a t i o n  r e s u l t s  o f  a l l  r e g i o n s .  The k i n e t i c  e n e r g y  
and i n t e r n u c l e a r  r e p u l s i o n  t e r m  a r e  t h e n  added  t o  t h i s  r e s u l t  t o  o b t a i n  
f i n a l l y  t h e  m a t r i x  e l e m e n t  w h ich  i s
H22 -  e ' 2 p R l (6R1 ) ' 1Aj+e~2pR2Cl2R2 ) " 1A ^ - l / 6 p e ‘ 2pR2A |
^6+ e ‘ 2&R1 ( 60R^P2 ) ” LAg+e "2 PR2 ( i 2 0 r | p2  )" XA2
- l / 5 p e " 2PRlA ^ - 8 P ^ / 15 (2 R ^ e"2PRl+ R | e ' 2pR2)
- 4 0 5/15(2R 2 e ' 2pRl+R2 e"2pR2) - 6 3 “2 (2R^5+R2 5 )
-  2 { 2 R ^ 1 + R 2 1 ) + p 2 + i < - ( R 1 + R 2 ) “ 1 .   23
The m ix in g  i n t e g r a l  ( < $ ^ | h | 42>) m us t  now be e v a l u a t e d .  From 
p r e v i o u s  r e s u l t s  we have  to  c o n s i d e r  o n l y  t h e  t e rm  o f  t h e  e l e c t r o ­
s t a t i c  p o t e n t i a l  e x p a n s i o n .  The k i n e t i c  e n e r g y  i n t e g r a l  i s  z e r o  a s  i s  
t h e  i n t e r n u c l e a r  r e p u l s i o n  t e r m  ( b e c a u s e  o f  t h e  o r t h o g o n a l i t y )  so we 
h ave  to  e v a l u a t e  o n l y  o v e r  a l l  t h r e e  r e g i o n s .
F o r  t h e  f i r s t  r e g i o n  ( r<R)  t h e  i n t e g r a l  becomes
-  -16B5/2a 3 /2 (3R^)’ lJ’ol e "^'M, r̂rlt<ir-8e5/2a 5/2(3R |)"L 
. | * l c - (B 'K *)r i> d r  _ ' 2k
J o
<*2 I - v 1 l * 1>  = l 6 p 5 / 2 a 3 / 2 ( 3 R f ) ’ 1e " ^ P + a ^R l (p4<if)'5Aj
-  128R^2 p 5 / 2 a 5 / 2 ( P + a ) * 5 - 8 p 5 / 2 a 5 / 2 ( 3 R 2 ) ~ 1e " ^ P + a R̂ l A j ; ( ^ a ) ' 5
+ 6^R“2 p 5 / 2 a 5 / 2 ( P + a ) - 5 .  25
9 1
In  t h e  s ec o n d  r e g i o n  (R j<r<R2 ) we have  
^ g l - v ^ t ^  -  - i 6 / ^ 5 / 2 o 5 / 2 R1j j 2 e - C ^ -a ) r r d r
-  8 p ^ V / 2 ( 3 R | ) - XJ ^ e - ^ > r r 1+d r
-  l 6 / 3 R 1&5 / 2 a 5 / 2 O + a ) " 2 [ ( ^ - a ) R 2+ l ] e “ ^^+0f^R2
-  l 6 / 3 R 1&5 ^2a 5 / 2 ( 0 + * ) ‘ 2 [ ( 3 - t o ) a 1+ l 3 e ” ^^+ a ^Rl
-  8 / 3 e 5 / 2 o 5 / 2 R22 e -̂ ^ ' ,* ^ R2( ^ + a ) " 5A2
+ 8 / » 5 / V ' ^ V < * « ) r 1 O w ) - 5 a J .  . . . . 2 6
F o r  t h e  l a s t  r e g i o n  ( r> R ^ )  t h e  H^2 i n t e g r a l  i s  
<«2 |-V 1 |* 1> -  -2p 5 /2 a 5 /2 J^2 e “ ^ 'fCf̂ r r[UR1r"2 -2R2 r"2 ] r 2drJ'^cos2 0sin 0d e  
- l 6 / 3 R 1P5 / 2 cr5 / 2 (& «»)“2 [ ( e + a ) R 2+ l 3 e ^ &faf^R2 
+  8 /3R2 e 5 / 2 or3 / 2 (&+a)‘ 2 [{&«r)R2 + l ] e " ^ &+a)R2....................... 27
The f i n a l  r e s u l t ,  o b t a i n e d  by c o m b in in g  t h e  above  e x p r e s s i o n s ,  
i s  s e e n  t o  be
<«2 | h | « l >  » 8 0 5 / 2 O5 / 2 (&+a)"2 C2R1e “ ^ +O^R l -R2 e ' ^ P + a ^R2]
+ 3 2 p ^ 2a ^ 2 (P-Kj0“ 5[ 2 e ’ ^^+<̂ R l - e ‘ (^+a^ R23 
+  6 ^ 5 / 2 « 5 / 2 ( ^ ) ^ [ 2 R i l e - ^ )Rl - R 2 1e - ^ )R2 ]
+  6 4 p 5 / V / 2 ( ^ o ) - 5 [ 2 R - V ^ )Ri . R | . " ^ )Re3
+  6405 / 2<*5/ 2 ( 0+ a ) " 5&2R^2+R~2 ] .  . . . . 2 8
APPENDIX II
DETERMINATION OF THE MATRIX ELEMENTS FOR HeH+
We w ish  t o  e x p r e s s  e q u a t i o n s  37"39 i n  te rm s  o f  one e l e c t r o n  
i n t e g r a l s  and F and G i n t e g r a l s .  U s in g  t h e  H a m i l t o n i a n  o f  e q u a t i o n  4 3 ,  
t h e  H ^  t e rm  i s
HH  -  < * 1( l ) f 1( 2 ) l H 1+H2+ 2 r ’ g+4R‘ J | * i ( 1 )* iC 2 )>
- <*1(2)|*l(2)X«1(l)|H1|*1(l)>t<*1(l)|»1(t)X»1(2)|H2 |*x(2)>
Combining terms and writing the integral as an F integral we have
Hn  - 2<*l(l)|H1|»1(l)>+2F0(o,o)+UR^. •  *  •  •  2
The term is
H12 “ (2)'^<«1(l)*l(2)lH1+H2+2r“g+4R*J|»1(l)»2(2)+*1(2)*2(l)>
•  • « •  3
Expansion of this gives
H12 “  ( 2 ) ' ^ [ < * 1( i ) « 1( 2 ) 1 h i | * 1 ( 1 ) * 2 (2 )>+<*1( 1 ) * 1( i ) | h i 1*1( 2 ) * 2 ( i )>
+ <t1(l)*1(2)|H2 |*1(l)*2(2)>K»1(l)*1(2)|H2 |*1(2)»2(l)>
+ <»1(l)*1(2)l2r“2 |*1(l)*2(2)>X»1(l)*2(2)|2rxJlt1(2)*2(l)>l.
. . . .  4
The first and third terms of equation 4 are zero due to the orthogonality 
of $x and #2 and the r^2 integrals are zero by symmetry. The remaining 
terms may be combined to give as a final result
H12 "  ( 2 )^< * 1( O l H 1 l * 2 ( l ) > .   5
X
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E x pand ing  th e  t e rm  (Eq. 39) g i v e s  
H22 “  l / 2 C < * l ( l ) » 2 ( 2 ) l H 1 | « 1 ( l ) * 2 ( 2 ) > K i 1 ( l ) t 2 ( 2 ) | H 1 | * 1( 2 ) * 2 ( l ) >
+ <* l ( 2 ) # 2 ( l ) | H 1 | * 1( l ) « 2 ( 2 ) > f < * 1( 2 ) « 2 ( l ) | H 1 | * l ( 2 ) « 2 ( l ) >
+ < * 1( l ) * 2 ( 2 ) | H 2 | » 1( l ) « 2 (2 ) > h < * 1( l ) » 2 ( 2 ) | H 2 | * 1 ( 2 ) » 2 ( l ) >
+  < # 1( 2 ) » 2 ( l ) | H 2 | * 1( l ) * 2 ( 2 ) > K l 1( 2 ) i 2 ( l ) | H 2 | » 1( 2 ) # 2 ( l ) >
+  < * 1( l ) * 2 ( 2 ) | 2 r ^ l * 1( l ) * 2 ( 2 ) > K * 1( l ) « 2 ( 2 ) | 2 r ^ | * 1 ( 2 ) * 2 ( l ) >
+ < * 1( 2 ) « 2 ( l ) | 2 r ' 2 | » l ( l ) « 2 ( 2 ) > K » 1( 2 ) # 2 ( l ) | 2 r ‘ ^ | f l ( 2 ) # 2 ( l ) > ]
+ 4ra J .  ------
Due t o  t h e  o r t h o n o r m a l i t y  o f  4^ and $2 t h i s  s i m p l i f i e s  to
H22 "  l / 2 t <* 1( l ) | H l l * 1( l ) > K * 2 ( l ) | H 1 | * 2 ( l ) >
+  <*2 ( 2 ) | H 2 | * 2 ( 2 ) > K « 1( 2 ) | H 2 | * 1(2)>]+1+RAJ
+ < * 1( l ) * 2 ( 2 ) | 2 r “2 l * 1( l ) * 2 ( 2 ) > K » l ( l ) * 2 ( 2 ) l 2 r ' 2 l « 1 ( 2 ) « 2 ( l ) > .
•  •  •  •
Combin ing te rm s  and e x p r e s s i n g  t h e  r ^ 2 i n t e g r a l s  i n  te rm s  o f  F and G 
i n t e g r a l s  g i v e s  t h e  f i n a l  r e s u l t
H22 "  < * ! ( ! )  |H1 | * 1( l ) > f < » 2 ( 2 ) i H 2 | * 2 (2 )> + 2F (:,(Cr>l )
+  2 /3 G 1( 0 t l )+ 4 R ‘ J .
APPENDIX I I I  
DERIVATION OF ELECTRON DENSITY EQUATIONS
We would  now l i k e  t o  be a b l e  t o  d e t e r m i n e  how w e l l  t h i s  method 
d e s c r i b e s  t h e  d i s t r i b u t i o n  o f  e l e c t r o n s  a b o u t  t h e  two n u c l e i  i n v o l v e d .
1 .  HeH
C o n s i d e r  f i r s t  t h e  one e l e c t r o n  m o l e c u l e - i o n .  I n  g e n e r a l ,  f o r  
^nJlm * 4m* r a ^ i a ^ P r o b a b i l i t y  i s  d e f i n e d  by
Pn l< r>dr “  U r t nJ„*nJmr2slnedrded4
* r2 R n » ( r ) R n I ( r ) d r n r 9 >me f a * I  V in 9 d 9 d * ’
o r
Pnj j ( r ) d r  -  r 2 R ^ ( r ) R n| ( r ) d r .  . . . .  1
T h i s  i s  t h e  p r o b a b i l i t y  o f  f i n d i n g  t h e  e l e c t r o n  anyw here  w i t h  a  r a d i a l  
c o o r d i n a t e  b e tw ee n  r  and  r + d r .  N o t i c e  t h a t  j ^ P ^ f r J d r  ■ 1.
We a r e  i n t e r e s t e d  i n  t h e  p r o b a b i l i t y  d e n s i t y  a l o n g  t h e  i n t e r ­
n u c l e u s  a x i s  and  so  do n o t  w i s h  t o  i n t e g r a t e  o v e r  a l l  6 v a l u e s .  F o r  t h e  
h y d r o g e n  s i d e  o f  t h e  e x p a n s i o n  p o i n t  we w i l l  s e t  0 e q u a l  t o  z e r o ,  and 
f o r  t h e  h e l i u m  s i d e  we s e t  0 e q u a l  t o  tt.  We t h e n  h ave
p ( r )  = J 2TTY#Yr2 d*
s o  t h a t  P ( r ) s i n 0 d r d 0  i s  t h e  p r o b a b i l i t y  o f  f i n d i n g  t h e  e l e c t r o n  be tw een  
r  and  r + d r  and  b e tw ee n  0 and  0+d0 .  F o r  Y -  ^'i ^ 1 W'2 ^ 2  t *1*8 S^-v®8
P <r ) "  I o n <Cl * l +C2 * 2 )2 r2 d 4
-  2 r2 C2a 5e _2“ r+2C2 r iV 2 ^r c o s2 0
+ 4 r 5C1C2a 5 / 2 p 5 / 2 e ' r ^t f f P ^ c o s 0 .    3
9 k
9 5
F o r  t h e  h y d r o g e n  s i d e ,  (0 * 0 )  we have
P ( r ) -  2 r 2 C ^ a \ ‘ 2 a r + 2 c | p 5r 1+e ‘ 2 0 r -4C1C2a 5 / 2 05 ^2 r 5e " r ^£H“̂ \   4
and f o r  t h e  h e l i u m  s i d e  (0  ■ it) ,
P ( r )  -  2 r 2C2a 5e ' 2 a r +2C20 5r ^ e " 2 e r -4 C 1C2a 5 / 2 0 5 / 2 r 5e " r ^QH'&^ .....................5
2 .  HeH+
F o r  t h e  two e l e c t r o n  p ro b le m  t h e r e  i s  a  l i t t l e  more e f f o r t  i n ­
v o l v e d .  To f i n d  t h e  p r o b a b i l i t y  o f  any  e l e c t r o n  b e i n g  found  anyw here  
w i t h  a  r a d i a l  c o o r d i n a t e  b e tw ee n  r  and r + d r ,  and 0 b e tw een  0 and  0 + d 0 , 
we m us t  i n t e g r a t e  o v e r  a l l  c o o r d i n a t e s  o f  one o f  t h e  e l e c t r o n s ,  o v e r
t h e  <p c o o r d i n a t e  o f  t h e  o t h e r ,  and m u l t i p l y  t h i s  r e s u l t  by two ( t h e  
number o f  e l e c t r o n s ) .  We t h e n  e v a l u a t e  t h i s  r e s u l t  a t  0 e q u a l  t o  z e r o  
and rr t o  o b t a i n  t h e  p r o b a b i l i t y  d e n s i t y  a l o n g  t h e  i n t e r n u c l e a r  a x i s .
The p r o b a b i l i t y  d e n s i t y  i s  t h e n  g i v e n  by
P( r ) -  2 r 2J 2TTJ’2TTJ ^ Y * Y r 2 s i n 0 2 dcp2 d02 d r 2 dcp1 . . . . .  6
F o r
Y -  C1* 1 ( l ) « 1(2)+C2 / / 2 ) [ 4 l ( l ) * 2 ( 2 M 1( 2 ) * 2 ( l ) 3 ,  
we have
P ( r ) = 2 r 2J’2TT; 2TT0 j c i « 1( l ) * 1( 2 ) + ( C 2 / / 2 ) [ t 1( l ) » 2 ( 2 ) + 4 1 ( 2 ) * 2 ( l ) ] } 2 
r 2 s i n 0 2dcp2d ©2d rgdcp ̂
-  4 r 2 C2a 5e " 2 a r + 2 c | a 5e “2®r + 2 c | r 1+p 5e " 2 e r c o s 2 0 
+  V ^ C ^ S ^ C j C ^ e ' ^ ^ c o s e .
F o r  t h e  h y d r o g e n  s i d e  we have
P ( r ) « 4 r 2 C2a 5e " 2 a r +2C2a 3e -2wr+2C2 r S 5e~2 P r
+  V 2 a 3 / 2 0 5 ^2C1C2 r 5e*^art‘̂ ^ r , •  •  •  * 8
and fo r  th e  h e liu m  s i d e ,
P ( r )  -  Ur2 C2a ^ e ~ 2 a r+2C2(
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Exact Finite Method of Lattice Statistics. I. Square and Triangular Lattice Gases
of Hard Molecules*
L. K . R u n n e l s f  a nd  L. L. Combs 
Department of Chemistry, Louisiana State University, Baton Rouge, Louisiana 
(Received 27 M ay 1966)
A general, feasible approach is presented for the evaluation of the statistical thermodynamics of inter* 
acting lattice gases. Exact solutions are obtained for lattice systems of infinite length and increasing finite 
width, using the m atrix method which treats all deputies on an equivalent basis. Through the application of 
symmetry reduction and the use of an electronic computer to perform logical as well as arithmetical opera­
tions, w idths of up to  24 sites for two-dimensional lattices can be handled. For examples studied, rapid 
convergence is obtained away from transition regions and in the vicinity of phase transitions the behavior 
appears to  be a sufficiently regular function of the width to  allow meaningful extrapolation to systems of 
infinite width. Two problems of two-dimensional lattice gases are solved as illustrations of the technique: the 
square and triangular lattice gases with infinite repulsive interactions preventing the simultaneous occupancy 
of adjacent lattice sites (excluded-volume effect). Both systems exhibit phase transitions which are most 
likely second order a t densities of 74.2% (square) and 83.7% (triangular) of the close-packed density. For 
both lattices the compressibility is infinite at the transition point, becoming infinite linearly with the 
logarithm of the w idth of the lattice for the square lattice and perhaps slightly more strongly for 
the triangular lattice.
I. INTRODUCTION
THE study of the statistics of “lattice gases” has been actively pursued for several years for two reasons. In the first place, adsorbed phases in one, 
two, or three dimensions do exist which are realiza­
tions of such systems; secondly, lattice gases are models 
for the study of continuum fluids which are much more 
complicated and have as yet resisted complete rigorous 
description, except for certain one-dimensional cases 
and for extremes of density.
We report here an investigation of the properties 
of certain two-dimensional lattice-gas systems. For the 
present, interactions between molecules are restricted 
to infinite repulsion between overlapping molecules; 
this appears to be the simplest possible model of a dense 
fluid which retains the excluded-volume effect. Spe­
cifically, in this paper we report on the square and tri­
angular lattice gases, with molecules large enough to 
preclude the simultaneous occupancy of adjacent, or 
nearest-neighbor sites (see Fig. 1). In a subsequent 
paper the problem of dimers on a square lattice will 
be discussed.
The exact finite method (EFM) to be presented 
here has the following components: (1) The systems 
treated are infinite in one dimension and finite in the 
other; these systems are described exactly using the 
matrix formulation outlined below. (2) To allow the 
finite dimension to be relatively large, all of the im­
mense number of logical operations are assigned to an 
electronic computer. The efficiency and success of 
E F M  is attributable to the basic similarity of lattice-
* Supported in p a r t by the Louisiana S tate University Research 
Council Faculty Fellowship and by a grant from Humble Oil and 
Refining Company, Baton Rouge, La.', com puter time supported 
by National Science Foundation G rant No. GP-2812.
t  Alfred P. Sloan Foundation Fellow.
gas configurations and information storage in an elec­
tronic computer; there is an obvious one-to-one cor­
respondence between the presence or absence of a mole­
cule and one bit of information. (3) Having carried 
out the logical steps, the computer then executes the 
necessary arithmetical operations to convert the mi­
croscopic detail into thermodynamic or macroscopic 
variables. This process is carried out for a sequence 
of systems of increasing finite dimension, the tre­
mendous volume of output information being displayed 
automatically on an X - Y  plotter, as well as being 
preserved numerically. (4) The final step is the extrap­
olation of the behavior of the semi-infinite systems to 
systems infinite in both dimensions. At this point 
human judgement (attended by possible error) enters 
the picture.
The precedent for this approach was set in 1937 by 
Fowler and Rushbrooke,1 with their use of, essentially, 
E FM to estimate the entropy of a close-packed arrange­
ment of dimers on a square lattice. Subsequently, 
Kramers and Wannier* used this method to investigate 
the thermal properties of the Ising model in a vanishing 
field. The residual entropy of ice and models of ice 
have been studied*-4 by similar techniques. Akin to 
these studies has been the investigation of properties 
of finite models of polymers, and with these the element 
of the use of computers for logical operations was in­
troduced. Chesnut and Rees have independently ar­
rived at the realization of the utility of E F M  and many
1 R, H . Fowler and G. S. Rushbrooke, Trans. Faraday Soc. 
33, 1272 (1937).
* H. A. Kramers and G. H. Wannier, Phys. Rev. 60, 252, 263 
(1941).
*E. A. DiMarzio and F. H. Stillinger, Jr., J . Chem, Phys. 
40, 1577 (1964).
4 J . F. Nagle, thesis, Yale University, 1965.
‘ D. A. Chesnut and F. H. Ree (private communication).
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ot the same conclusions presented in Sec. IV about 
the square lattice gas.
II. MATRIX FORMULATION
The matrix approach to the grand ensemble partition 
function of nearest-neighbor lattice systems is well 
known.* We review this technique briefly and then 
exploit the symmetry properties inherent in the systems 
in a manner to optimize computerization of the analysis.
We begin with a two-dimensional lattice finite in 
both dimensions, using the cylinder convention to elim­
inate edge effects. The basic lattice shown in Fig. 2 is 
the square lattice. As is seen later, other lattices are 
topologically equivalent to the square lattice with ad­
ditional “bonds” between certain pairs of sites. In the 
following the term “nearest neighbors” means pairs 
of sites connected by “bonds”, regardless of the geo­
metrical relationship between the pairs. Letting the 
length of the cylinder be L rows and circumference M  
sites, there are a total of B =  L'XM sites. To finish the
F ig. 1. Square and triangular lattices. The molecules are shown 
as squares and hexagons; the actual physical requirement is a 
size sufficient to  exclude simultaneous occupancy of nearest- 
neighbor sites. Interactions are neglected between molecules 
separated by greater than nearest-neighbor distance.
eliminated and the sym m etry in- L
description of the model we suppose that two mole­
cules cannot have their centers on adjacent (nearest- 
neighbor) sites, but if their centers are more distant 
there is no interaction.
Rushbrooke and Scoins7 considered nearest-neighbor 
assemblies from the viewpoint of the Mayer cluster 
expansion. Their central result dealt with the actual 
subgraphs of the lattice (as opposed to the more abstract 
“graphs” representing molecular interactions) which 
must be considered in computing the virial coefficients 
from cluster integrals— here actually cluster sums. The 
conclusion was that the only contributing subgraphs 
are single sites, pairs of neighboring sites, and multiply 
connected lattice graphs. It follows that for a long cyl­
inder of circumference M sites, the first coefficient that 
differs from that of the infinite lattice is the virial co­
efficient Bn- the circumscribing ring of M sites would 
not be present in the infinite lattice.
Returning to the matrix description, any configura­
tion of the entire lattice can be specified in terms of the 
arrangements of molecules on each of the L rows. 
Consequently, let us denote by the possible “states” 
or arrangements of a ring of M sites, labeled by a Latin 
index, l<*<d(Af). Here d ( M )  is the total number 
of arrangements possible for a ring of M sites, the only 
restriction being that no two adjacent sites may be 
occupied (see Appendix A).
The states are determined taking into account 
“horizontal” interactions; “vertical” interactions are 
then specified by a matrix with elements c„, where 
*0 = 1 if tpt on Row 1 is compatible with on Row 2; 
otherwise «o =0. To include the activity z= expip./kT) 
(j*= chemical potential) we define P a =  tijZ1,llmi+mk\  
where m, is the number of molecules ( 0 < m , < i n  
ypi. The essence of the matrix method is that*
£  s W 2 „ ,(p z - l )  I>2l/2~y=  £  N ) z x
a n
= S(5,s), (1)
where K(5, N) is the number of arrangements of N  
molecules on B sites (canonical partition function) and 
S is the grand partition function. The quantity 5 con­
tains all thermodynamic information, through the two 
equations
S = exp (pB /kT), (2)
B p = ( N ) = z d lnE/dz, (3)
•T . L. Hill, Statistical Mechanics (McGraw-Hill Book Co., Inc., 1 G. S. Rushbrooke and H. I. Scoins, Proc. Roy. Soc. (London) 
New York, 1956), Chap. 7. A230, 74 (1955).
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augmented by the universal relationships of thermo­
dynamics. Here p is the pressure with dimensions of 
energy, p is the dimensionless number density, k is the 
Boltzmann constant, and T the temperature. Notice 
that temperature is not really a variable for a system of 
hard molecules (potential energy is identically zero); 
the pressure is rigorously proportional to temperature.
For some lattices P is not necessarily symmetric. 
There is, however, a great deal of symmetry that can 
be exploited to reduce the size of the problem. Consider 
the permutations of the symmetric group <Bu to re­
arrange the molecules of a given state p, among the 
M sites of a ring; if H is a subgroup of ©w and h£H ,  
we write A(̂,-) = &  to indicate that the operation A 
changes state into state pj. Ordinarily the only per­
mutations of interest are the rotations and reflections.
In terms of H, we define a binary relation E between 
the states: ipiEipj if and only if for some A6 H, h(\pi) =$/.  
Since E is clearly symmetric, reflexive, and transitive, 
it is an equivalence relation, splitting the states into 
disjoint equivalence classes K i , K t, • * •. H is said to 
be an admissible subgroup if and only if for all pairs 
of equivalence classes K a and Kg the quantity
£  Pa
* i t X a
is independent of the state pi of K„. Finally, by the 
symmetry group G appropriate to a particular problem, 
we always mean the maximal admissible subgroup H.
It can be seen that the d( M) states p, form a basis 
for a reducible representation of G which contains the 
totally symmetric representation (/lj) <r(M) times, 
where a( M) is the number of equivalence classes 
under G.
The utility of the matrix formulation of lattice 
systems is the asymptotic relationship,®
In*—»Z, InXi(Af; s) (£.-><»), (4)
where Xi{M; s) is the largest eigenvalue of P, with 
corresponding normalized right eigenvector
■■(? )V ’d(jir/
We assume that v transforms according to At; i.e., if 
piEpj, then 17 = 17. While the matrix P in some cases 
to be explored is not symmetric, we always have a weak 
symmetry of the form
£  P i t -  £  Pa,  ( 5 )***** *****
which is sufficient to ensure that vr, the transpose of 
v, is a left eigenvector, corresponding also to Ai.
Convenient for computer purposes is a less sym­
metric matrix Q defined by (?„ =«.jZ™' = .
It is easily seen that the maximal right and left eigen­
vectors of Q (belonging to Xi) are given, respectively, 
by ri =  Vizrlllmi and r*T = t7Zl/Sm<; but r is not normalized.
Finally, we define the reduced matrix R  by
& * = £ & * ,  (*<e/Q.  (6)
*i<Kf
13Greek indices denote the equivalence classes, 1<«, 
jS<«r(M).3 As explained below, the computer program 
sets up the matrix R and determines its maximum left 
eigenvector u, which belongs also to Ai. It can be shown
directly that the relationship between normalized
<r(Af) component u and normalized d{ M) component 
v is
*■. =  [ £  («.'/«■*"-) ] > ' ( * i €  K m) , (7)
a
where ua is the number of states in Class K a. Appendix 
A contains examples and further information about the 
states and equivalence classes.
From Eqs. (2)-(4) the pressure is given by
p/kT*=M-> lnXi (8)
and the density by
p = (a/AfXi) (rfXi/rfz). (9)
It is generally true for a matrix with elements which 
are functions of a parameter, that the derivative of an 
eigenvalue with respect to that parameter can be de­
termined from the corresponding eigenvector. (This is 
perhaps stated more familiarly in the language of first- 
order perturbation theory for nondegenerate quantum- 
mechanical states.) In particular, since
Ai = vTPv,
we have
d \i/d s = vrPv'+vrP V+vr'Pv,
denoting the derivative matrix by a prime. But this is
(/Ai/ds=vI’P'v-|-Xi(vrv)',
the second term on the right vanishing since vrv = 1. 
Furthermore, since P'q = (*»<+»!>) Pq/2z, the first term 
is easily seen to be (A/z) £w,i|,* so that
( 10)
which shows that vt* is the relative importance of State 
ip,. Converting this to an expansion in terms of u leads 
to the final formula
p={ \ / M) [ _ £  m.(a)„Z"-)-1«tV £  (wnz",")-1M„J], (11)
a a
where a “degeneracy” w* has been introduced when 
summing over equivalence classes.
Once the pressure and density are known as func­
tions of x = n /k T  = Inz, all other thermodynamic prop­
erties can be determined. The entropy per molecule, 
for example, follows directly (remembering the energy 
is zero):
s / k = p / p k T —x. ( 12)
Specific heat per molecule (at constant pressure) and
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compressibility 0  require the first derivative d p / d x :
Cp/k = k ~ i[d{  p / p)  / a  T
=  [  ( p / k T ) * / f t ( d p / d x ) ,  (13)
0 k T  =  k T p - x(dP/ d p ) r  =  p- i (dp/dx) . (14)
T o determine dp/ dxy related to tPX^/dz2, exactly requires 
knowledge of all eigenvalues and eigenvectors (also  
perhaps more familiar in connection with second-order 
perturbation th eo ry ); more expediently, dp/ dx  can 
be determined by numerical differentiation of p — p{x) .
Of particular concern in this and subsequent papers 
will be the question of phase transitions, fn Appendix B 
it is shown that a strict transition (m athem atical sin­
gularity) is never observed for a lattice gas infinite in 
only one dimension. Hence phase transitions, when they 
exist, are lim iting properties for system s infinite in at 
least two dimensions.
n i .  COMPUTER PROGRAM
Since the use of the E FM  relies so heavily on as­
sistance by an electronic computer, a brief description  
o f  the program ( s q u a r e )  appears to be in order.
The work described here was executed on Louisiana 
State U niversity’s IBM  7040/32K  computer, equipped  
with four Model 7330 tape drives on each of two chan­
nels. D irect access to individual bits of information 
dictated that for optimum efficiency the program be 
written in m a p  (close to machine language). Numerical 
differentiations were done with a separate program 
written in F o r t r a n  i v . Display of graphs of the output 
of s q u a r e  was effected by a Calcomp 563 X - Y  plotter, 
driven by an IB M  1620. fAll graphs presented here 
were so plotted.)
s q u a r e  is composed of three stages. In the f i r s t  stage 
is determined, for a selected circumference M , a repre­
sentative state for each equivalence class K a. The 
7040 stores information in words of 36 bits, each 
(binary) bit being 0  or 1. T he first M  bits (up to a 
maximum of 30) stand for the ring of M  sites; the last 
six are reserved to store (in binary form) the value of 
m  for that state.
The alogrithm for determining the equivalence classes 
is as follows. Beginning with the “vacuum ” state (no  
m olecules), system atically an attem pt is made to 
create another molecule at each site of each previously  
determined state. Such creation is possibly only at 
vacant sites bordered on each side by a vacant site. 
Each time a new molecule is added, the resulting state  
is checked for equivalence under G  to each previously  
determined state (w ith  the same number of m olecules). 
If the new state is found to be equivalent to one already 
found, the new one is erased; if it is not equivalent to 
any of the others, it is stored as the representative of 
a new equivalence class. W hen no more nonequivalent 
states can be created from those stored, Stage one of 
the program is complete. N otice that the particular
problem being solved is (partially) determined by the 
operations included in G.
In the second stage of s q u a r e  the matrix elem ents 
of R are determined. For a given first-row class a  and 
second-row class 0,  the member states of Class 0  (all 
but one of which m ust be regenerated) are compared 
with the representative a  state £see Eq. ( 6 ) }  The 
com patibility requirements com plete the specification  
of the particular problem. In this way the elem ents of 
R (except for the activ ity  factor which is added later) 
are determined, column by column.
There are two lim itations that must be considered  
at this point: storage capacity and execution time. 
Storage frequently available (32K ) is adequate to 
handle lattice problems up to a circumference of about 
16 sites. To work larger problems requires use of addi­
tional storage; in the work reported here, use was made 
of tape drives. As a column of the matrix is determined  
it is read out onto tape, to be recalled later as needed. 
(W hen recalled, the activ ity  factors are appended.) 
When all of the columns have been determined, Stage 
two is complete.
All numerical operations are carried out in Stage 
three. Basically, the largest eigenvalue of R (for speci­
fied x = p / k T )  is determined by repeated m ultiplication  
of a trial vector by R.® This will converge (within a 
predetermined tolerance) to the maximal eigenvector 
u, provided the trial vector is not orthogonal to u, and 
provided the tolerance specified is not less than ac­
cumulated round-off error. T ypically, a sequence of 
increasing values of x  is studied. The initial trial vector 
is the vacuum  state (which u approaches as z ap­
proaches ze ro ); for subsequent new values of x  the 
trial vector is the eigenvector for the preceding, slightly  
smaller, value. Clearly, this close guess at u speeds 
convergence.
Running time, however, is a serious problem. The 
time required to read the matrix elem ents back into 
storage tends to make the program input-output 
limited, rather than computer limited. T his situation  
is alleviated by “packing” the matrix elem ents; they  
are integers and can be accommodated six to a 36-bit 
word. This speeds up the recall of matrix elem ents and 
sim ultaneously slows com putations since time is re­
quired to “ unpack” the elem ents. Additional tim e is 
saved by sim ultaneously (1) reading matrix elem ents 
into two parts of core from tapes on two channels, (2) 
working with elem ents from a third area of core, and 
(3) rewinding duplicate tapes. T he net result is a syn ­
chronized operation, capable of handling lattices up to 
circumference 24.® Running tim e for a com plete sweep  
of activities, for circumference 14, is approximately 
40 min. Increasing the circumference by two approx-
'  E. Bodewig, M atrix Calculus (Interscience Publishers, Inc., 
New York, 1959), p. 269.
* Only Stage one has been executed for M  =  24, This required 
1 h of 7040 time. To obtain numerical results would have required 
an additional 24 h or more, an investm ent not deemed necessary 
for the solution of problems solved so far.
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M  f i / k ’T ^ z O .O 0 3  p  /  k T  zkzQ . 0 0 1  f > h j | i i / p t ^ 0 < 0 0 1  p t 0 w / ^ s i O . O O l  c r / k z h  0 . 0 0 3
6 1.162 0.7374 0.8328 0.5877 1.561
8 1.235 0.7597 0.8196 0.6204 1.685
10 1.268 0.7703 0.8092 0.6409 1.785
12 1.287 0.7762 0.8013 0.6551 1.867
14 1.298 0.7799 0.7951 0.6641 1.938
16 1.306 0.7824 0.7901 0.6717 2.000
18 1.311 0.7839 0.7858 0.6781 2.056
20 1.316 0.7858 0.6829 2.104
22 1.319 0.7865 » • * * « * 2.149
CO ^ 1 .336 ± 0 .0 1 0 , 792±0.004 0 .7 4 2 ± 0 .0 0 8 0 .7 4 2 ± 0 .0 0 8 OO
<x>9 1 .3 35± 0 .005 0 .7 9 2 ± 0 .0 0 5 0 .7 4 0 ± 0 .0 0 8 0 . 7 4 0 ± 0 .008 Large
* E r r o r s  s t a t e d  a r e  o n ly  re a s o n a b le  e s t im a te s .  b  T h is  w o rk . •  R e fe re n c e  1.1.
im ately doubles running time. For the problems solved  
so far, however, trends are well established for widths 
of order 12, so that for larger values of M  attention can 
be confined to regions of special interest; i.e., phase- 
transit ion regions.
Numerical differentiations are done by a separate, 
extrem ely rapid program which com putes dp/ dx  and 
iPp/dx* from finite differences.10 Optimum performance 
was obtained with Ax of about 0.025 and finite differ­
ences through order four.
IV. SQUARE LATTICE
For the “hard square lattice gas" the lattice is ex­








2  50 .5-15
X
Fig. 3. Pressure and density of the square lattice gas, M =  14. 
Only one-third of the calculated points are shown.
10 C. Jordan, Calculus of Finite Differences (R ottig  and Rom- 
walter, Sopron, Hungary, 1939), p. 164.
group D m .'1 A preliminary summary of the results of 
the present investigation has been reported elsewhere.1* 
T his problem has been discussed by various authors, 
the most significant of the published results being the 
work of Gaunt and Fisher,1* who determined low- 
density expansion coefficients up to order 13, and high- 
density expansions to order 9. T hey analyzed their 
results with the ratio and Pad6 approximant techniques, 
arriving at the conclusion that the system  undergoes 
a second-order ( “ continuous") transition, with pa­










2.30 .5-3 .5 -1 5
X
F ig. 4. First and second derivatives of the density curve in 
f ig. 3. T he "transition” is already quite apparent for the lattice 14 
sites in  circumference.
11 For the square lattice and equivalences induced by Dm it is 
readily seen for any element h of D m th a t if and h(4>j) =
\fri, then =  th is is in fact stronger than the requirem ent 
for an admissible group.
111.. K . Runnels, Phys. Rev. L etters 1 5 ,  581 (1965).
11 D. S. G aunt and M .  E .  l-’isher, J . Chem. Phys. 4 3 ,  2480 
(1965); several earlier references are contained in this work.
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F ig . 5. Equation of state 
for the square lattice gas, j_
M  —14. This curve was ob- 
tained from Fig. 3 upon o.
elimination of x ^ f i / k T .
o
We arrive at essentially the same conclusions on the 
basis of calculations for even values of M  from 6 to 
22 (implying exact virial coefficients through the 2 1 st) . 
In Figs. 3 and 4 are shown typical “ raw data” as pro­
duced by the computer program for M  =  14. For M  >  14 
the calculations did not cover the entire range. In 
Fig. 5 the activity is eliminated by plotting the pressure 
vs the reduced density (maximum absolute density 
po is $ ). T o explore further the bump in the equation 
of state curve, the compressibility and constant pressure 
specific heat are obtained from Eqs. (13) and (14) 
and plotted in Figs. 6 and 7, superimposing the results 
for most values of M.  Several features are evident from 
these curves:
(1) Ideal behavior is approached at low density, 
as must happen.
(2) The convergence appears to be very good away 




p / p .
Fig. 6. Compressibility of the square lattice gas. Shown are the 
results for even values of M  from 6 to 18. The relative maximum 










Fig. 7. Constant-pressure specific heat for the square lattice 
gas, even values of M  from 6 to 18. For the specific heat the maxi­
mum is evident for all widths.
(3) Some sort of transition is occurring and becoming 
decidedly sharper as the width of the lattice is increased.
In Fig, 8 the specific-heat maximum is plotted against 
the logarithm of the width, showing very clearly an 
asym ptotic linear relationship. Here we are reminded 
of the closely similar empirical observation of Kramers 
and Wannier2 regarding the Ising model, which was 
later verified analytically by Onsager.1* This correla­
tion is taken to mean that the specific heat [and hence 
compressibility through Eqs. (13) and (14)J  becomes 
infinite for the very wide lattice.
The analogy with the Ising model results suggests 
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In M
F ig . 8. Logarithmic increase of the specific-heat maximum, 
square lattice gas.
14 L. Onsager, Phys. Rev. 65, 117 (1944).
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AT f . / * r ± 0 .0 03 f i / k r ± 0 .  001 Phi.k/p.iO.OOl p i.„ /« ± 0 .0 0 1  C,/*±O.OOJ
6 2.226 0.7996 0.8997 0.7140 2.126
9 2.342 0.8256 0.8907 0.7458 2.666
12 2.374 0.8331 0.8835 0.7617 3.122
IS 2.388 0.8359 0.8775 0.7734 3.533
18 2.396 0.8374 0.8727 0.7803 3.850
21 2.400 0.8383 0.8688 0.7872 4.177
00 2 .40 9 ± 0 .0 1 0 .8 4 3 ± 0 .0 0 4 0 .8 3 7 ± 0 .0 2 0 .8 3 7 ± 0 .0 2 co




F ig . 9. High and 
low "phase" densi­
ties, square lattice 
gas. The empirical 
correlation shown in ­
dicates tha t the tran ­
sition of the infinitely 
wide lattice would 












F i g . 12. Pressure and density of the triangular lattice gas, \ f  =  12.
F i g . 10. Transition param eters for square lattice gas. Although 
there is no theoretical justification for extrapolations of this type, 
they appear to  be reasonable methods for refined predictions of 










l ie. 11. Transform ation of the triangular lattice into the square 
lattice with extra “ bonds." Molecules cannot occupy a pair of 
sites connected by a “ bond.”
F ig. 13, First and second derivatives of the density curve of 
Fig. 12,
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order. T o examine this question in more detail we con­
sider the width dependence of the low and high "phase” 
densities, which are taken to be defined for the finite 
widths by the positions of maximum positive and 
negative curvature of the density curve. These points 
are clearly defined by the second derivatives shown in 
Fig. 4,1® and are listed in Table I. T o estim ate the limit­
ing behavior for very wide lattices, empirical correla­
tions were attempted, the most convincing of which is 
shown in Fig. 9. This extrapolation to a common den­
sity , together with the logarithmic dependence of the 
specific heat, leaves little room for any conclusion other 
than the existence of a second-order transition for the 
large lattice, with a horizontal tangent to the “ iso­
therm” at the transition.
1.0
o.s
o o 1.0O S
P/Po
F ig . 14. Equation of sta te for the triangular lattice gas, M  =  12. 
Notice tha t the "bum p’' is more pronounced than for the square 
lattice with Af —14 (Fig. 5).
The best estimates of the activity and pressure at 
the transition were obtained by further strictly em­
pirical correlations, such as shown in Fig, 10. In Table I 
are collected the values of the various thermodynamic 
parameters for the cases treated, together with the 
extrapolated values for infinite width. The remarkable 
agreement with the transition parameters obtained by 
Gaunt and Fisher1’ by entirely different techniques 
appears to justify the addition of this system  to the 
list of solved problems of statistical mechanics. As 
mentioned earlier, these results are also in general agree­
m ent with those of Chesnut and Ree.®
V. TRIANGULAR LATTICE
This problem also has been discussed by various au­
thors. Burley1® first studied approximations to the
u  To achieve the greatest accuracy possible here (and also for 
the heat-capacity maxima) a parabola was fit to the three points 
nearest to  each extremum.




Fio. 15. Compressibility of the triangular lattice gas for M  ™ 6, 
9, 12, 15, 18, 21. Compare with Fig. 6.
virial series, which gave no indication of a transition. 
More recent work,17 using the Kikuchi approximation, 
implied the existence (in this approximation) of a first- 
order transition at pressure p / k T =0.736  between the 
(reduced) densities 0.684 and 0.771. Using M onte 
Carlo techniques Chesnut18 ruled out a first-order 
transition but speculated that a higher-order transi­
tion could reasonably be predicted in the vicinity of 
n / k T  =  2.3 and (reduced) density somewhere between
0.77 and 0.85. Our observations support this conjecture 








F i g . 16. Constant-pressure specific heat for the triangular 
lattice gas. Notice the difference in vertical scale between this and 
Fig. 7.
17 D. M, Burley, Proc. Phys. Soc. (London) 85, 1173 (1965). 
11 D. A. Chesnut (private com m unication).
*• D. S. G aunt and M. E. Fisher (private communication).







F ig. 17. W idth dependence of the specific-heat maximum for 
the triangular lattice gas.
For computational purposes it is convenient to 
visualize the triangular lattice transformed into the 
square lattice with extra “bonds” added between north­
w est-southeast second-nearest neighbors (see Fig. 11). 
T he only change required in the computer program is 
the inclusion of these extra bonds in the com patibility  
requirements that determine R, for the symmetry  
group is still D m .a>
For this problem M  took values of multiples of three 
from six to 21 (maximum absolute density po is $). 
The results were explored in much the same way as 
those of the square lattice. The corresponding graphs 
are shown in Figs. 12 through 19, and summarized in 
Table IT. While there is a general similarity between  
the two sets of results, the following differences are 
noted:
(1) The first-derivative curve shows a very broad 
relative maximum and minimum at low activity, not 




F i g . IS. High and low “phase” densities, triangular lattice gas.
*  The strong symm etry shown in Footnote 11 for the square 
lattice now holds only if h is a  rotation about the M-fold axis.
If h is a  twofold rotation perpendicular to the main axis, then
it may well happen tha t P i , ^  Pki. There is, however, a  unique 
state associated with each triple (i, j ,  k) for which P a =  Pt f ,  
and this is sufficient to  satisfy the admissibility requirement. 
The prescription for I' is =  Cu\Jii4>i) X where A is a twofold
rotation and Cm is a rotation of 2x/A f about the Af-fold axis.
(2) The specific heat per molecule in the vicinity  
of the transition is decidely larger than for the square 
lattice. In addition the specific-heat maximum for the 
largest lattice (M  =  21) is above the line determined 
by Af =  12, IS, 18. It should be pointed out, however, 
that the uncertainty of the results is somewhat greater 
for the larger lattices, due to accumulated round-off 
error in the (exponentially) increasing number of nu­
merical operations. There is, however, room for the 
belief that the specific heat may be increasing slightly  
more rapidly than the logarithm of the width.
(3) The extrapolations of the high and low “phase” 
densities are not quite as well behaved; any residual 
density difference, however, could hardly be greater 
than a few tenths of one percent of the maximum den­
sity, at least according to the extrapolation of Fig. 18. 
There is, of course, no theoretical justification for this 
particular correlation and other types leave room for
0 96
0 92
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F ig . 19. Transition param eters for the triangular lattice gas.
the possibility of a slightly larger residual density 
difference.
There is hardly a question that a transition occurs 
at n / k T  =  2.41 and p / k T  =  0.843, with average density 
0.837, at which conditions the compressibility is in­
finite. If the transition were first order, the density dis­
continuity would almost certainly be decidedly less 
than the 4%  discontinuity usually attributed to hard 
disks.51 It is more likely that the transition is in fact 
second order. I t  would not be surprising for the tri­
angular and square lattices to exhibit behavior different 
in some respects but to show transitions of the same 
thermodynamic order, by analogy with the known re­
sults for the corresponding Ising problems.55
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APPENDIX A: STATES AND CLASSES
In the language of graph theory,** the states are 
internally stable subsets of vertices (i.e., no two adjacent) 
of simple ring graphs. Using the principle of exclusion 
and inclusion*4 it is easily seen that the generating 
function Gw (z) for the states (actually the grand par­
tition function for a ring of M  sites) satisfies
G a/ ( z )  = G i/_ i(s)+ sG ji/-!(s) • (A l)
Setting 2 =  1 shows that
d { M ) = d ( M - l ) + d { M ~ 2 ) ,  (A2)
with d { 2) = 3 , d { 3) = 4 , so that the numbers d { M )  are 
Fibonacci numbers*6:
rf(«) =  UCl +  ( 5 ) W ] |" + |4 C l - ( 5 ) ' /* ] i"  (A3)
~ ( j [ l  +  <5) *'*]}■* ( * / - > « ) .  (A4)
For a specific example we consider the case M  = 6 , 
for which d (6) = 1 8 . The 18 permissible states are shown 
in Fig. 20, broken into equivalence classes. (Notice  
that the rotations of subgroup Ct  are sufficient to gen­
erate all of these equivalences; M  m ust be greater than 
eight for new equivalences to be generated by the per­
pendicular twofold rotations.) Now Group Dt  has the 
class structure E,  2C«, 2C». Cj, 3C'i, 3C"*, and it is evi-
Closs S t a l e s
0 o  






T able I II . Number of states and classes.
M d( M) ° { M) M d( M) « ( M)
2 3 2 12 322 26
3 4 2 13 521 31
4 7 3 14 843 49
5 11 3 15 1 364 64
6 18 5 16 2 207 99
7 29 5 17 3 571 133
8 47 8 18 5 778 209
9 76 9 19 9 349 291
10 123 14 20 15 127 455
11 199 16 21 24 476 657
22 39 603 1022
dent that the character of any element of in the 
representation with basis {^;} is the number of states in­
variant under that operation. It follows that x ( £ )  = 1 8 ,  
x(C.) =  1, x(C.) = 3 , x(C.) = 4 , X(C',) = 8  and X(C",) =  2. 
Using the well-known formula2* for the decomposition  
of a reducible representation, the representation gen­
erated by \ipi\ contains the totally symmetric represen­
tation five times:
<r(6) = A 7 l8 + 2 .l+ 2 .3 - F 4 + 3 .8 + 3 .2 )  = 5 ,
in agreement with the five equivalence classes shown. 
For the square lattice the matrix R  is given by
where
'1 6 6 3 2'
1 5 4 2 1
- 1 4 3 1 1
1 4 2 2 0
1 3 3 0 1,
For the triangular lattice R is given by R , d iag (1, z,
2*, £*, 2*), where
R,=
I 6 6 3 2
I 4 2 1 0
1 2 0 0 0
1 2 0 1 0
,1 0 0 0 0,
F i g . 20. States and equivalence classes for M  =  6.
** C. Berg, The Theory of Graphs (John Wiley & Sons, Inc., 
New York, 1962), p. 35.
**J. Riordan, A n  Introduction to Combinationatorial Analysis 
(John Wiley & Sons, Inc., New York, 1958), Chap. 3.
* Reference 10, p. 548.
Values of d ( M)  from Eq. 16 and a( M)  determined 
b y  s q u a r e , are given in Table III.
* M. Hamermesh, Group Theory (Addison-Wesley Publ. Co., 
Inc., Reading, Mass., 1962), p. 105.
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APPENDIX B: LATTICES OF FINITE WIDTH
It was shown by Onsager*7 years ago that the Ising 
model must be infinite in at least two dimensions to 
possess a strict transition; i.e., an analytic singularity. 
A very slight modification of his proof provides the 
same theorem for lattice gases.
According to Eq. (14), a discontinuity in thermo­
dynam ic properties at z =  ze implies that zc is a crossing 
point for two eigenvalues, say Xi(s) and Xs(s). Hence 
at zc the largest eigenvalue is degenerate. This is for­
bidden by Perron's theorem*® for finite matrices of
*> E. W. M ontroll, J. Chem. Phys. 9 , 706 (1941).
" O .  Perron, M ath. Ann. 64, 248 (1907).
strictly positive elements, and so the Ising models are 
covered. Due, however, to the infinite repulsions con­
sidered here, some of the matrix elements P a  are zero.
It is always true, however, that (P * )„ > 0  since 
(P * )o ^ P a -P y X ) ( “vacuum ” state 1 can be adjacent 
to any state) .** The Onsager proof then works here for 
lattices of finite width and (large) even length, which 
is good enough thermodynamically. I t  follows that any 
strict singularity is the limiting behavior for lattices 
of infinite width.
■ T h e m atrix P  is an irreducible nonnegative m atrix; see F. R. 
Gantmacher, Applications of the Theory of Matrices (Intenicience 
Publishers, Inc., New York, 1959), Chap. 3.
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